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ABSTRACT OF THE DISSERTATION

Numerical Simulation of 3-D Shock Wave Turbulent
Boundary Layer Interaction Using a Two Equation Model
of Turbulence.

by Marianna Gnedin, Ph.D.

Dissertation Director: Professor Doyle D. Knight

A computational study of the crossing shock wave-turbulent boundary layer interaction
is presented. The shock waves are generated by a pair of fins which are mounted
normal to a flat plate and form a converging channel. The focus of the study is to
investigate the ability of the theoretical turbulence model to provide for improvement
in the predictions of adiabatic wall temperature and heat transfer rates during the
interaction of the shock waves with the turbulent boundary layer on the flat plate. Three
configurations with fin angles of 15° x 15°, 7° x 11° and 7° x 7° have been examined
at Mach 3.9. Experimental data available for comparison includes surface pressure,
heat transfer, adiabatic wall temperature and surface flow visualization. Computations
solve the 3-D Reynolds-averaged compressible Navier-Stokes equations incorporating
the new low Reynolds number correction of Knight to the two equation k—e turbulence
model. The computed surface pressure displays good agreement with experiment. The
computed adiabatic wall temperature exhibits excellent agreement with experiment.
The computed and experimental surface and flowfield flow visualization are in general
agreement. The computed surface heat transfer displays significant disagreement with
experiment for some cases. The flowfield manifests a complex shock wave system, and

a pair of counter-rotating vortices.
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Chapter 1

INTRODUCTION

1.1 Motivation

Shock wave/turbulent boundary layer interactions commonly occur in a wide range
of applications and have strong influence on the characteristics of the flow. The flow
pattern of such type of flows commonly involves strong viscous/inviscid interactions,
separation of the boundary layer caused by shock waves and formation of large vortical
structures.

An important class of flows involving shock wave-turbulent boundary layer interac-
tion is the so called “crossing shock” flow (Fig. 1.1). In this type of flows two inter-
secting shock waves are generated by two sharp fins mounted on a flat plate. These
shock waves interact with the developed boundary layer on the bottom flat plate sur-
face. An adequate understanding of the flow structure caused by the crossing shock
wave/turbulent boundary layer interaction and the ability of the theoretical model to
accurately predict the surface pressure distribution and heat transfer rates on the bot-
tom surface is crucial for the improved design of supersonic aircraft components such
as hypersonic aircraft inlets.

The computed flows generally exhibit good agreement with experimental data for
surface pressure, shock structure, and boundary layer profiles of pitot pressure and
yaw angle. However the accurate prediction of the surface heat transfer and friction
coefficient remains a challenging problem. [19, 24, 40]. While the surface pressure is to
a large extent determined by the inviscid flow structure and therefore is not strongly
affected by the particular choice of the theoretical turbulence model, the derivative
quantities (e.g., surface heat transfer) crucially depend on the turbulence treatment.

Consequently, one of the biggest challenges for accurately computing the crossing shock
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Figure 1.1: Crossing shock {“double fin")

interactions is the modeling of the turbulence quantities of such flows.

The two equation k— ¢ model is the most common choice since it can in principle
better predict complex flowfields than algebraic models and is significantly simpler than
sophisticated higher order closures [55]. A major difficulty in the implementation of the
k—e model is the treatment of the near wall region, where the classical high Re number
k—e model is not valid. Alternative approaches are the so called “wall function boundary
conditions” which are imposed in the wall layer [61], or a “two-layer k — ¢ model”,
when a different model is considered in the near wall region (like Rodi model[46]).
However, for many engineering applications, particularly for that involving separation
of the boundary layer or when the transport properties are needed, it is desirable to
enable integration to the boundary. For this purpose wall damping functions can be
introduced which lead to the creation of the so-called “low Reynolds number k —¢
model”. The examples of the low Reynolds number models include those developed
by Jones and Launder [21], Launder and Sharma [33], Lam and Bremhorst [32], Chien
[9] and many others. Significant research efforts have been invested into the validation
of different turbulence models for the computation of flows with shock wave/boundary
layer interaction, in particular, flows with crossing shock interactions (see Table 1.1 for
references).

The low Reynolds number model of Knight utilized in the present numerical study
is described in detail in [6]. The focus of the present research is to investigate the

applicability of this turbulent model to the numerical simulation of the flow involving



the crossing shock wave/boundary layer interaction.

Table 1.1: Crossing Shock Computations

Ref. My o as Model
(44 35 10° 10° B-L
42 3 11° 11° B-L,JL
(18 4 15° 15° B-L
[43] 83 10° 10° B-L
[41 8.3 15° 15° B-L, Rodi
[15] 83 15° 15° B-L
(2}, (3} 83 15° 15° W,LS,SST,BL
[24] 4 7 11° Chien
11°  15°
[61] 4 7° 11° Knight-RSE
Present 4 7° 11° Knight-k — ¢
T°oT°
LEGEND
oy left fin angle
) right fin angle
M freestream Mach number
B-L Baldwin-Lomax model  [1]
Chien Chien model 9]
J-L Jones-Launder model  [21]
Knight-RSE Knight RSE model (20]
Knight-k — ¢ Knight model (6]
LS Launder-Sharma model  [33]
Rodi Rodi model [46]
SST Menter model (36]
W Wilcox k¥ — w model [54]

1.2 Literature Survey

Shock wave-turbulent boundary layer interactions have long been within one of the most
interesting and challenging problems in Computational Fluid Dynamics. Significant
progress has been achieved in understanding and numerical simulation of geometrically
simple flows involving “dimensionless” geometries, such as swept compression corner
[25], [29], [30], [50], [57], or a sharp single fin [13], [14], [23], [26], [27), [28], [45], [57].

The principal features of the shock wave-turbulent boundary layer interaction caused



by a single fin, such as bifurcation of the main inviscid shock into separation shock and
rear shock, which together with a slip line constitute a quasi-conical A-shaped wave
structure, are summarized, for example, in [10].

In recent years substantial research efforts have been concentrated on flows involv-
ing more complex 3-D shock wave/turbulent boundary layer interaction, in particularly,
crossing shock {“double fin”) interactions, where two sharp fins are mounted on a bot-
tom flat plate to form a converging wedge (Fig. 1.1). Understanding of such flows is
important due to applications to high speed inlets. One of the objectives of the inlet
design is to obtain a nearly uniform high total pressure flow at the inlet exit [11], [12].
However, flow separation and complex shock pattern can lead to a substantial loss of
total pressure and nonuniform pressure distribution in the flow to the engine. Conse-
quently, an adequate understanding of the flow physics and the ability to accurately
predict it computationally is very important for improved design of inlets.

Focusing on this relatively simple geometric configuration allows us to separate the
complexity associated with the flow physics and turbulence modeling from that caused
by sophisticated geometry.

A review of theoretical and experimental studies of the crossing shock interactions
can be found in [10], [19],(24]. Available experimental data includes surface pressure,
surface flow visualization and, in some cases, measurements of derivative quantities such
as skin friction and heat transfer rates with 10-15 % accuracy [4], [16], [17], [31], [35],
(56], {62]. Computational studies are very important to improve the understanding of
the flow physics and also as an important tool in the design of supersonic inlets.

Significant research efforts have been concentrated on the development and evalua-
tion of turbulence models capable of providing accurate predictions of the flow struc-
ture, surface loads and heat transfer rates on the bottom flat plate surface. Turbulence
models involved in “double fin” computations range from zero-equation algebraic to
two-equation k — € and k — w and full RSE models. Some of the recent computations
are summarized in the Table (1.1).

The computed surface pressure and boundary layer profiles of total pressure and

yaw angle are relatively insensitive to the choice of the turbulence model, since they



are determined by the inviscid flow structure [10]. These quantities are predicted with
reasonable accuracy in most of the computations. However the computed surface heat
transfer strongly depends on the particular choice of the turbulence model involved in
the computations [19, 40].

The low Reynolds number model of Knight, described in detail in [6], is developed
on the basis of three principles, namely, 1) the model employs the physical dissipation
rate €, 2) the normal distance y is avoided, and 3) the minimum number of modifications
are introduced, as described by Speziale [52]. The modifications include incorporation
of molecular diffusion of k and €, modification of the turbulent eddy viscosity ur to
provide proper asymptotic behavior near the wall, and modification of the dissipation

of & to avoid singularities in the é equation near the wall.

1.3 Present Research

The objective of the present research is to validate the low Reynolds number correction
of Knight to the standard k — ¢ model in application to the numerical simulation of
the flow involving the crossing shock wave/boundary layer interaction. The double
fin configuration utilized in the experiments of Zheltovodov et al. [62] is considered.
Computational results are extensively compared to the experimental results for all cases.
Comparison to the previous computational results of Knight et al. [24] using the Chein’s
model and of Zha and Knight using the full Reynolds stress equation model [61] is also
reported for the heat transfer rate.

In the present thesis three configurations were considered with M, = 3.95, namely,
7° x 11°, 7° x 7° and 15° x 15° , corresponding to the experiments of Zheltovodov and
his colleagues [62].

The governing equations and the turbulence model equations are presented in Chap-
ter 2. The numerical algorithm is described in detail in Chapter 3. The CRAFT
Reynolds averaged Navier-Stokes solver is described in detail in [37].

The solver has been modified to incorporate a new low Reynolds number correction

to the two equation k—¢ model. Chapter 3 also contains details about the boundary



conditions used for the present numerical simulations. Chapter 4 discusses the code
validation study for a number of cases through comparison with analytical results and
2-D turbulent boundary layer test computations. Chapter 5 specifies the problem itself.
Chapter 6 consists of the results of the present study. Chapter 7 provides a summary

of the important results and future work.
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Chapter 2
GOVERNING EQUATIONS

This chapter describes the 3-D steady Reynolds-Averaged compressible Navier-
Stokes equations and the compressible k —¢ turbulence model equations written in

conservation form.

2.1 Equations in Cartesian Coordinates

The instantaneous compressible, three-dimensional Navier-Stokes equations in con-
servation form can be expressed in Cartesian coordinates in the following form using

the Einstein summation convention:

¢ Conservation of Mass (Continuity)

B , Olpus) _

T B2y 0 (2.1)

¢ Conservation of Momentum

A(pus) . O(pusu) Op  O(mik)

ot dz;, = " 9z, ™ dz;, (2.2)
¢ Conservation of Energy
O(pe)  Oluclpe+p)) _ _0Qi  O(uirik) (2.3)

ot L Oz, Oz,

The density, p, static pressure, p, and the absolute temperature, T, obey the equation

of state :
1
p=pRT = p(y - 1){e ~ Juui} (2.4)

where R is the Universal gas constant, e = ¢, T + %ukuk is the total energy per unit

mass, and v is the ratio of specific heats.



The Reynolds Averaged Navier-Stokes equations are:

¢ Reynolds Averaged Conservation of Mass

op + O(pix.)

T, 25 =0 (2.5)

e Reynolds Averaged Conservation of Momentum

O(pi) , O(pisin) _ _ 0P  O(=pulul +Tu)

ot o o 5z (26)
¢ Reynolds Averaged Conservation of Energy
ope) , Slin(p +p) _ d-eppTul = Qu) ,
ot oz, Oz,
_ l—— _
2, (—pu;{uguj - -2-pu’j'u;-’u'kf + ;T + u;-’rjk) (2.7)

In equations (2.5) - (2.7), g is the mean density, iy is the mass-averaged velocity, p

is the mean pressure, and € is the mass-averaged total energy per unit mass given by:

iy, + k (2.8)

B | =

é:cUT+

where ¢, is the specific heat at constant volume and k is the mass-averaged turbulent
kinetic energy defined by:
pk = ~pujuy. (2.9)

The overbar denotes ensemble average, z.e.,

v=n

F=lm =3 f» (2.10)
v=1

n—oo n

where f(¥) are the individual realizations of the variable f(z,y, z,t). The mass-averaged

variable f is defined as the mass-weighted ensemble average,

% (pf)®) (2.11)

f=f-f (2.12)



Alternately, the fluctuating variable f  in the unweighted expansion is

f=Ff-F (2.13)
The molecular viscous stress, i, is approximated by assuming a Newtonian fluid

ol By 20
Tk = M dz; Oz 3“59:]-

Sit (2.14)

The dynamic molecular viscosity is assumed to be a function of averaged temperature

and satisfy Sutherland’s law:

T\IT, + T
i‘._( ) Lo+ Tret (2.15)

o \To) T+ Te
where T, is the Sutherland’s reference temperature (110.3°K for air), and p, = p(T,).
The molecular Prandtl number, Pr (0.73 for air), and the specific heat at constant
pressure, ¢, are assumed constant.
The molecular heat flux, @y, is approximated by assuming the Fourier heat law

sk 0T

Qk - Pr 62}:

(2.16)

where Pr is the molecular Prandtl number and ¢, is the specific heat at constant

pressure.

2.2 Low Reynolds Number Correction

The low Reynolds number modification of Knight to the standard k—e¢ model is
described in detail in [6], and its application to adiabatic and isothermal compressible

turbulent boundary layers is also presented in the paper [6).

2.2.1 k—e Turbulence Model Equations

The set of Reynolds-averaged equations (2.5 - 2.7) is not closed due to the presence of
the turbulent stress —puu’ and turbulent heat flux —cp,pT"u}. Two more transport
equations for k and € are employed in order to close the system of governing equations.

The turbulence model equations employed in present work are fully described in [6].
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The standard two-equation k — ¢ model of Jones and Launder [21], extended formally
to compressible flow and employing the compressibility correction of Sarkar et al [49]
and Zeman [58], is chosen in [6] for fully turbulent high Reynolds number regions of

the flow. The equation for the turbulence kinetic energy k is taken in [6] to be

Okl (o)

at 8zi al (92:j pe 82,‘ ﬁtfk 52:,‘ (2'17)

where the dissipation is a combination of solenoidal &, and compressible é; components
E=¢&, + & (2.18)
and [49, 58]
& = Cp MJE, (2.19)
where M, is the turbulence Mach number
M; = “RT (2.20)

and C} is a constant.

The equation for the solenoidal dissipation is

0pé, Opi;E, E)u, _é 7] <uT 3@,,)
= Ce = pulu” — Ceap= — 2.21
ot T dz; ! k P i 8 2P k + dz; \ o, Oz; ( )

The turbulent stresses are

o Ou; 2O 2 -
pu” "= pr (Bzcj + 321 —587:51'3') =pké;; (2.22)

"~ 3
and the turbulent heat flux is

I u HT 3T
—-CppT = CPP_T'tax' (223)
where the turbulent eddy viscosity is
I}Z
pr = pCu— (2.24)

The turbulence model constants are based on the standard values [55] and are
presented in Table 2.1. The constant Cy is taken to be zero, since dilatational dissipation
is expected to be small in non-hypersonic boundary layers [7].

The equations (2.17) and (2.24) are valid only within fully turbulent regions of
the flow. In order to integrate the governing equations to the solid boundary the low

Reynolds number modification is developed in [6].
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Table 2.1: Standard k£ — e Model Constants

Constant Value

Cu 0.09
Ce, 1.44
C., 1.92
Pr, 0.9
48 1.0
o, 1.3

2.2.2 The Low Reynolds Number Correction of Knight

The advantages of the low Reynolds number model of Knight, compared to other low
Reynolds number corrections, are as follows: 1) the model employs the physical dis-
sipation rate €, 2) the normal distance y is not used, and 3) the minimum number of
modifications is introduced, as described by Speziale [52].

The equation for the turbulence kinetic energy (2.17) is modified, first, by formally

incorporating molecular diffusion of & .

% Opki; oo //a == _Q_(ﬂaik '-(212) (2.25)

ot Oz, i Oz; €t Oz; \ poy Oz; “azi
Second, the turbulent eddy viscosity is modified by a dimensionless factor f,, to pro-

vide the correct asymptotic behavior of the turbulent stresses close to a solid boundary

',

pr = pC, f# z (2.26)
where
fo=0@™h as y—0
fu—1 as y— oo (2.27)

The equation for the solenoidal dissipation is modified by incorporating molecular

diffusion of ¢, and including the dimensionless function f, for the dissipation term

8pe,  Opu; T
v 1Y CE - ’I II
ot T oz 17 P

16 —Ce2f

?5""::"{5

7] HT ¢,
32; [< g, * ”) 331] (2.28)



where asymptotic analysis [52] indicates fo = O(y*) as y — 0, and fo — 1 as y — oo.

The dimensionless function f; is taken to be

fo=1-eCaVRi (2.29)

where R, is the turbulence Reynolds number

-IEQ
R =2 (2.30)
1€

This provides the proper asymptotic behavior near the wall assuming ¢ — ¢, as y — 0
where ¢, is the (positive) value of the turbulence kinetic energy dissipation at the wall,
and k£ = O(y?) as y — 0. The dimensionless constant Ce, is determined by comparison
with Direct Numerical Simulation (DNS) results.

The functional form of f, and the constant C,, in f» were determined through
consideration of the viscous sublayer and logarithmic region of an incompressible flat
plate turbulent boundary layer (i.e., the “constant stress layer”). In this region, con-

vective effects were neglected and the model equations became (the tilda is omitted for

convenience)
0 — 8u)
= = (- ’ — 2.31
——0u d [[ur ) Bk]
— il _ il (o bl 2.32
0 P By p€+3y[(ak+” dy (2.32)
- E " /I_(9_1£_ E i[(“_T ) ﬁ] 2.33
0 - CE[ kpu v ay Ce;-.fZ k + 8y 0'5 + # ay ( * )
where the Reynolds shear stress is
_— Ju
—pu'v" = pr— 2.34
Uy = pr g (2.34)
and
kz
HT = pCufu? (235)
The superscript ~ is omitted since the flow is incompressible, and ¢ denotes ¢,.
The boundary conditions at the wall were
u = 0 (2.36)
k =0 (2.37)

2
oo -
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and the asymptotic boundary conditions for y — oo were [55]

K v
P 2.40
- (2.40)
u’
€ = ;17 (2.41)

where u. = /7, /p is the local friction velocity.

For the incompressible constant stress layer, the following form of the turbulent

eddy viscosity is assumed

prvn [2 ()" ()] orv <vm

Ym Ym

HT = (2.42)

PRULY for y > ym
The functional form for ur satisfies the appropriate asymptotic forms [55, 52] as y — 0
and y — oo, and is continuously differentiable for all y.

The momentum equation (2.31) is directly integrated in [6], using (2.34) and (2.42)
and subject to boundary conditions (2.36) and (2.39). The constant B in (2.39) depends
on the value of y,,. It was verified that y,, = 33.0v/u. yields B = 5.0 in agreement
with experiment [38].

The turbulence model equations (2.32) and (2.33) were solved in [6] for k and ¢
subject to boundary conditions (2.37), (2.38), (2.40) and (2.41). The constant C,,
was determined by requiring €,, = 0.26u?/v in agreement with the Direct Numerical
Simulations (DNS) of Spalart [51] for a flat plate turbulent boundary layer. This yields
C., = 0.17. Comparison of the predicted and DNS profiles for ¢ are presented in Fig.
2.2 where ¢t = ev/ul.

The dimensionless function f, is then obtained from (2.35) as a function of R,.
The functions f» and f, are shown in Fig. 2.1. These functions are employed without
modification for the compressible 3-D studies. The low Reynolds number modifications
are summarized in Table 2.2.

The model was tested on a series of 2-D flat plate boundary layer computations with
zero and adverse pressure gradient[6]. Computations were performed for incompressible

and compressible, isothermal and adiabatic boundary layers with Mach number up
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Figure 2.2: Predicted and DNS Results for €

to 6. Good agreement with experiment was obtained for skin friction, heat transfer,
adiabatic wall temperature and velocity profiles for the constant pressure flat plate
boundary layers. Results for the adverse pressure gradient boundary layer showed
close agreement with experimental velocity and Mach number and disagreement for the

surface skin friction and Reynolds shear stress.

Table 2.2: Low Reynolds Number Functions

Function Ezpression

fo(Re)) 1-eCavRe
where C,, = 0.17

fu(Re;)  See Fig. 2.1

2.3 Nondimensionalization

The governing equations are nondimensionalized according to the Table (2.3), where a
superscript * denotes a dimensional parameter.

The following nondimensional parameters are formed:

My

Z_oo, Qo = V7RToo
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Um %60 X0
Re = L, Pr = u, Pr, = PrL

Hoo km kT
Here §, is the experimental incoming boundary layer thickness equal to 3.5 mm, k., is
the laminar thermal conductivity, Re is the Reynolds number, Pr, Pr, are respectively,

laminar and turbulent Prandtl number and subscript oo denotes freestream values in

the incoming flow.

Table 2.3: Nondimensionalization

Variable | Non-Dimensionalization || Variable | Non-Dimensionalization

z z” = z6] y Yy =yb

z " = 26} i u = alUj

v v = U, W W= wl}

p P = ppi P P = ppaUR

i AT = pps BT BT = BT

&, =& T T = TTs

k k™ = kkZ, kr kT = krk},

k k= kps UZ2 t t" = tge

2.4 Equations in Body Fitted Coordinates

A stationary non-singular coordinate transformation is introduced (z,y, z) — (£, 7, (),

where [22]

£ = &£(zy,2) (2.43)
n = n(z,9,2)
C = C(:c,y,z)

The numerical flux F is an approximation of the average flux through the cell

interface, which can be defined as, say,

1

All numerical inviscid and viscous fluxes can be represented in a similar manner.

/ Fdedn (2.44)
AeJan

The average dependent variables Q are defined for each cell volume as
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1
Q= m/M /A [ Qdgandc (2.45)

The grid steps in the transformed domain A{, An and A( are taken to be unity
without loss of generality.

All numerical fluxes are determined at cell interfaces, and dependent variables are
defined at cell centroids.

With the transformation described above the Reynolds-averaged Navier-Stokes equa-
tions governing the flow of viscous turbulent gas and applied with respect to the gen-

eralized six-sided cell volume shown on Fig. (2.3) can be written in integral form as

V% + (Ei+1/2 - Ei—l/z) + (Fj+1/2 - Fj—l/z) + (Gk+1/2 - Gk—1/2)

= (Ri+1/2 - Ri—1/2> + (Sj+1/2 - 53'—1/2) + (Tk+1/2 - Tk—l/z) +vD  (2.46)

where VU is the cell volume, £,n7 and { are the generalized streamwise, body normal
and meridional coordinates, respectively, @ is the vector of conserved variables per
unit volume, E,F,and G are the inviscid fluxes of dependent variables through the
corresponding cell faces, integrated over the appropriate cell area, R, S and T are
similar viscous fluxes and D is the turbulent source term. The indices ¢, 7 and %
represent the cell location in the £, n and ( coordinate directions of the computational
mesh respectively. A non-whole index corresponds to the cell interface, and a whole
index corresponds to the cell centroid.

The vector of conservative dependent variables and vectors of inviscid fluxes can be
presented in a following way (from this point forward the overbar and tilda are omitted

for clarity),

P pU pv pw

ou pul + I;p puV + m.p puW + nzp

pv polU +1yp pvV + myp pvW +nyp
Q=| pw |[E=| pwU+lLp | F=]| poV+mp |:GC=| pwW+n.p

pe (pe + p)U (pe +p)V (pe + p)W

ok pkU pkV kW
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Figure 2.3: Three-dimensional finite volume cell.

Here the transformation metrics I, I, etc. are z, y, or z components of vectors I, m
and n. These three vectors have a direction of a normal on £, 7 or ( faces, respectively,
and magnitude equal to the area of the corresponding cell surface.

The volume fluxes through each family of cell interfaces U, V and W can be defined

as dot products of velocity vector with the vectors I, m and n, as

U = ulz+vl,+wl,

<
|

um, + vm, + wm,

W = ung+vn, + wn, (2.47)



The viscous flux vectors can be written in the following form:

AN

a(byug + bauy + byug + byve + bsv, + beve + brwe + bgwy + bow ) — %pkmx

0

19

a(blouf + bsu,, + bu‘u.g + b12'UE + 1)13'1),7 + bHUC + bw’ll)g + blsw,, + bl-,-'w() - %pkmy

a(bigug + bgun + brgu + baove + brevy + barvg + bazwe + bagwy + baguw) — & pkm,

ag (baeke + basky + bazke) + Bk (bzs (pk)e + bas (pk), + bar (Pk)g)

Here S5 and coefficients b are:

Ss

aq (basTy + baeTe + barT)

Ss

e (basec + basey + bazel)

+a (lbg <U2)n + _1_b13 (vz)n + %b% (w‘«’)n + bs (uv)n + bg (uw)n + big (vw)n>

2 2

+a ((bru + b1ov + bigw) ug + (batt + b12v + baow) ve + (bru + bisv + basw) we

+ (bgu + biiv + blgw) Uu¢ + (bs’u + bigv + bzl’w) ve + {(bou + by7v + b24w) wc)

2
—gpk (mzu + myv + m,w)

3

4
gmi + m§ + m;"

3
- glymz + Izmy,
1

=m,m,

3
- gmzny + myn,

2
—51,,mz +1,m,

1
Emzmz
2
—oMgTi, + M Ny

3

- gl,my + lymx

slemz +lym, + I,m,

My + Myny, + myn,

2.48)



AN

Here R and coefficients ¢ are:

- gmyn: + mxny

4
lomg + -myl, + m.l,

3

2, 4 2
m; + Fmy, + m;

3

4
MeNy + §myny +m.n,

2
- glzmy + mzly
1
Emymz

—§mynz + m.n,
-glzmz + Lmg
——gmznz +m.n,
—glymz +1I,m,
—gmzny + myn,
lomg +1,m, + g—lzmz
4

2 2
m; +my, + om

3

MgNg + MyNy, +

5
&
z

4

gmznz
2 2 2

mg + my, +m;

mqls + myl, + m,l,

My Ny + MyNy, + M0,

0

a(ciug + Caug + Cat; + C4V¢ + sy + CeV¢ + CrWe + CaWy + Cow( ) — %pkl,
afcqtis + Croty + C11U¢ + €12V + €130y + C14Y¢ + C15We + Ci6Wy + C17W¢) — %pkly

a(crug + C18Uy + CroU¢ + Ci5Vs + Ca0Vy + €210 + C20We + C2aWy + C2qwW( ) — —g-pkl;

Ry

ai (caske + caeky + carkc) + B (Czs (pk)e + cas (pk), + caz (Pk)<>

o, (Cas€e + Ca6€y + Ca7€¢)

20




ag (CQ5T5 + CgGTn + Cg-,'T()

ra (e (w), + 30

21

1
+ —coo (wz): + cq (uv)e + c7 (vw), + 15 (vw)s)

£ 27

+a ((cau + c10v + craw) ug + (csu + c13v + C2ow) Ve + (CaU + 16V + Cozw) we

+ (C3‘u. + cv + Clgw) u¢ + (CG'U + c14v + Czl’w) ve + (c9u + cy7v + c24w) wc)

2
—gpk (Lzu + Ly + LLw)

c1

<3
Cq
Cs
Ce
c7
Cs
Co
€10

‘11

€13
Ci4
€15
Cie
17

C18

4o g2

513 +1,+ 1

4

=lymy + I,my + I,m,

3

4
=lyng +lyny, + 1.1,

2

- glmmy + lymz
2

—glmny + lynz

=11,
3

- %lzmz + I,m,

_§l:z:nz + l.n,
2
—glymz. + I;my
2
—§lynz + lzny
4
2 2 2
Ix + 'é'ly + lz
4
lom, + glymy +1I,m,
4
long + glyny +1.n,

- %lymz +1,my

2
—-glynz + I;ny

2
—glzmz +I.m,



2

Cig = .IWNN:H + ~H§N
2

Cap = IW.NNSQ + NESN
2

Cry = IMNNEQ + Ncﬁu

4
€2 = NM.ZN.TMNW )

c3 = lLmg+1lymy+ WFSN
G = lng by + S,
cs = L+12+412

cae = lomg+1lLmy+1m,
car = bng +lyny +iim,

0

ed

a(diug + dauy + daug + dyvg + dsvy + dev; + d7we + dswy + dow¢) — 5pkn,
a(dioue + diity + dette + diove + dizvy + digve + didwe + d16wy, + dirw;) — .w.bwzw
a(dygue + diguy + dotg + daove + darvy + di7ve + daawe + dazwy + dagw) — ch;.. 2.50)
Ts

ay (darke + dagky + daske) + B Tmlbim + das (pk),, + das Abfnv

N

ae (d2reg + dog€y + dase)

Here T5 and coefficients d are:

Ts = ag(dasTe + daeTe + da7T))
1 2 1 2 1 2
+a AM&& A‘:\ vn + M&HA Ad vn + M&w» A‘E vn + dg Aﬁcvn + dg A‘:..Evn +dy7 Aesvnv
+a :&Hﬁ. + RHod + &Hmev Ug + A&A: + &Hmd + Rmoev Ug + A&42 + &Hmc + &nusv we

+ (dau + d11v + dyow) uy + (dsu + digv + dyyw) v, + (dsu + di6v + dazw) wy)

2
Iw.bw (nzu + nyv + n,w)

4
dy, = MNH:H + lyny, + I;n,

4
dy = MSezs + myny, + m.n,
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4 - 2 2
gnr +n, +n;

2

- glyn,: + lxny

- gmynI + mgn,

1
—Ng N,

3
2

—Elznz + Izn,

_§mznz + Men,

1

FNzT,
3
2
- -ilzny + lynx
—gmxny + myng

4
I, + gnyly + m,l,

4
MeNy + TMyNy + M N,

3
4 2
n’ + §n§ +n}

- -?:lzn,, + nly

—gmzny + mMyn,
1
gnyn,
2
—gl:z:nz + lzn:c

- §mxnz + m,n,

2
—EI‘J"’ + I:n,
2
—gmyn, + m,n,

4
l.ng + lyny + glznz

4
MgNy + MyNy + —M: N,

3
4
3

2 2 2
n,+n,+n;

2 2
nz-+-ny—+-

MeNy + MyNy + M N

leng + lyny + Lo,



Here U/ is an elemental volume in the physical domain,

l/_/] (E”C)dgd d¢ (2.51)
with J being the Jacobian of the transformation,
S Em0)
0z,y,z

The diffusion coeflicients are defined as

-1 -1 L (B _f‘_)
a_Re(“+ﬂt) o[Q_(‘y—l)M,;-’o}"!,e (Prt+Pr
1 I—‘t) _ _ M
as_—Re(ﬂ+ ) ar = i 5k—pa_k
The turbulent source terms can be presented as
b —
D= (2.52)
C€1 LPL - Ce—,f"‘

The production term P in transformed coordinates is

P = 1’{;;2{(ue+ve+wc) (l§+l§+l§)+

+<uf,+v,27+wf,) (mi+m§+m§> +%(
+ <”§ + v+ w?) (ni +ny + nﬁ) + %(uwz + veny + wen,)?

1
3 (uels + vely + wel.)?

2
UMy + Uy + Wym,)

+2 % [(uguy + vevy + wewn) (leme + Lymy + 1:m.)

+ (ugme + vemy + wems) (uple + voly + wpl:)

+ (ueue + veve + wewe) (Ipng + lyny + I:n.)

+ (ugng + veny + wen,) (uely + vely + welz)

+ (unue + vove + wywe) (Mang + myny + m.n;)

+ (unnz + vyny + wyn; ) (uemg + vemy + wem,)

—% * (ugly + vely + wely) (ugmg + vymy + wym,)

—:,2,; * (ugls + vely + welz) (uenz + veny + wen,)

_g * (unmg + vomy + wym, ) (ueng + veny + wcnz)} }
—%%pk (uely + vely + wel; + uymz + vymy + wym,

+ueng + veny + wen,) (2.53)



Chapter 3
NUMERICAL ALGORITHM

The CRAFT code, originally designed to simulate the flow of viscous hypersonic
chemically reacting gases by solving compressible Navier-Stokes equations in thin layer
approximation [37], and modified by SAIC and CRAFT Corporations by incorporating
turbulence k—¢ equations, was utilized in the present research. Consequently, the cur-
rent numerical algorithm is that employed in the CRAFT code, with several important
changes. These changes include addition of cross-derivative viscous terms in order to
consider full Navier-Stokes equations, a different implementation of certain boundary
conditions, and incorporation of the low Reynolds number model of Knight.

The current problem of shock-boundary layer interaction requires a solution of the
system of full Reynolds averaged Navier-Stokes equations, with no terms omitted. These
equations in body fitted coordinates are listed in the previous chapter.

A shock-capturing approach allows to capture a complex pattern of flow field discon-
tinuities without any prior knowledge about the flow structure. A Roe scheme together
with TVD type second order correction of Chakravarthy [8] provides for high resolution
of complex shock wave structure and other discontinuities. Shock waves in the present
flow are sometimes weak and accurate determination of their location and strength
might be important for accurate prediction of dynamic loading and heat transfer at the
bottom solid wall.

The numerical method involves strong coupling between mean flow and turbulent
model equations and is made fully implicit to eliminate restrictions on the step size of
explicit schemes. It is necessary since the turbulence model equations contain highly
nonlinear source terms, which are capable to make step size prohibitively small for an

explicit scheme. The schemes are made implicit by fully linearizing all fluxes and source
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terms.

3.0.1 First Order Inviscid Flux

The first order accurate numerical flux at a cell interface is determined with the help of
the approximate Riemann solver developed by Roe [47], which provides an algorithm
to express a flux of dependent variables through the cell interface based on the set of
dependent variables to the left and to the right of the interface. The Roe’s method
consists in determination the flux change across each of the waves that emanate from
the interface. Consider the inviscid flux F. , in (2.46). It is expressed as

I+5

Flst

1 -
1= 3 (Fj + Fjp + AFJH - AF;_,_‘) (3.1)
Here vector AFJ?:_ , represents the flux changes associated with waves traveling in the
positive i direction, and vector AFJ:U_ corresponds to the flux changes due to waves
traveling in the negative 7 direction. An eigenvalue analysis of the Jacobian matrix

2E reveals the speed and direction of each wave (all Jacobian matrices are listed in

aQ
appendix A). Let A be a diagonal matrix which consists of wave speeds, and let L and
R denote the matrix of left and right eigenvectors respectively. All these three matrices

are evaluated at the cell interface. The flux difference across the positive and negative

velocity waves can be computed as follows,

AFL, = ‘;' (Bysy (A+1AD, 1 Lyt) (Qis1 - Q5)

- (%) @n-a (3:2)
AF,, = % (Bjss (A= 1AD41 Lyt ) (Qier — Q)

= (55) @w-@) (3:3)

The matrices R, L and A are known functions of “Roe-averaged” dependent variables

(see Appendix C) at the cell interface, which satisfy the criteria:
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Foa - Fy = [(Z—SY n (g—g)r Qa1 - Q) (3.4)
i+

The “Roe-averaged” variables are

Uj/Pj t Uit1/Pi+1

A VPi + \/Pi1

Uiv/Pj + Vit1y/Pit1

i+3 \/,D_j'i' N

Wi\/P5 + Wit1y/Pi+1

AN RN

hi /B3 + hit1y/Pirt + 3/P5/Pinn [(uj+1 = )" + (i1 = v5)" + (wyr — wj)z]

J+5 NN
It is common to include some sort of entropy fix in the definition of upwind flux in
the regions where one of wave speeds changes sign. However, it was shown in [60] that
such approach gives significant error in the boundary layer, where the wave speed is

close to zero. No entropy fix was used in the present research.

3.0.2 Second Order Correction

A higher order inviscid numerical flux is obtained by adding a correction to the first

order flux. The higher order flux can be expressed as:

FHO _ Fa'lrg —R..1AT ( 1-¢) [Aa‘.‘%] 4+ 1+e) [Aa‘.t D

J+3 LA S SR J 4 i+3
+R AT, (2 [aay ] + 852 [adTy ) (3.5)

with ¢ = 1/3 which provides for the 3—™9 order accurate representation. The charac-

teristic variable difference is defined as

Doy 1 = Lj+% (Qj+1 - Qj) (3.6)

-

The characteristic variables are limited in order to avoid nonphysical oscillations
in the regions with sharp gradients of dependent variables such as shock waves or the

viscous/inviscid interface.
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v = minmod [(-);, 1,8 ();_1]

= minmod [(-);,1,8(-);41] (3.7)
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were the minmod operator is defined as

minmod [z, y] = sign(z) x max [0, min {|z|,y x sign(z)}] (3.8)

and 3 is a compression parameter chosen to be 1.

3.1 Viscous Flux Treatment

Second order central differencing is employed for the spatial discretization of the viscous
part of numerical flux through cell interfaces. All discretized viscous elements, except

cross-derivative terms, have the form

¢t (Yie1 — %) (3.9)
where &, | represents a simple average of ¢ in the neighboring cells. For example, the
term ﬁ%ﬁ will be discretized as

pou L (M K, .
von - 2 (I/_,-+1 + v, (441 — u5)
The metric quantities are defined at the cell interfaces and do not require averaging.

The cross-derivative terms in viscous fluxes have the form

lam5¢j+% (%—?) or lamg¢j+% (g—lf;) (3.10)

The discretization of cross-derivative terms is illustrated in (Fig.3.1). For example,

in evaluating the flux through (i+1/2, j, k) interface again the [ metric does not require

averaging and again
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Figure 3.1: Discretization of the cross-derivative viscous terms.

2 - 36, ¢)..)
= —1t=] +1l= (3.11)
v 2( V/ii \V/i
and
1
up = g (Wig1,j+1 + Uij41 — Big1,jo1 — Uij-1)

1

Mey: = 7 (mi'j_% +mi‘j+% M-t +mi+1'j+%> (3.12)
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3.2 Source Terms Treatment

The source terms are evaluated at the cell centroids, as well as the dependent variables.
The only term which needs to be discretized is the production term, because it contains

velocity derivatives.

) § i

| § i

I 5 |

| . § . i
(L) (ijg1) 1 (+Li+1)

: i : :

E ........................ A;| !I=,=4=,=.__,=.____..__v__.__,__.__,:: } n
) ij) (i+1,)

1 (IX ) S& -ic1/2,j X

| W2 i+1, 172 g

A > e o e SN

Figure 3.2: Discretization of the production term.

Second order central differencing is employed in order to discretize velocity deriva-
tives in the production term, given by expression (2.53). This expression contains two

types of terms. An example of a term of the first type is

(wf + 02 +wd) (R+2+1)
Such terms are approximated at the centroid of the computational cell by second

order accurate central differences

(Wit1j = Uiz1,5)

(lzi-#-:l_:,j +I:z:i—%vj> (3.13)

ug iy =

Ii; =

AN N o
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The second group of terms contains terms with velocity derivatives in two directions.
In order to achieve higher stability and lower sensitivity to possible mean flow oscilla-
tions, such terms are first evaluated at each corner of the 2-D plane computational cell,
and then the term in the cell centroid is defined as average over the four corners (Fig.
3.2).

For example, in the corner circled at Fig. 3.2

1

e = 3 (Wit + Uid1 o1 — W~ ]
1

e = 3 [vit1j + visrjo1 = vij = vija]
1

we = —2- [wi+1,j T Wit1 -1 ~ Wi j — wi~j_1}
1

Un = 5 [wiv1j + uij — wig1o1 — wijo1]
1

by = E b v = S on = ]
1
1

l, = 3 [lyi+}3,J + lyi+% ;—1]
1

L= 2 [l‘i+‘w s J“l]
1

me = 3 [mzi.j—% T Mz J—‘:]
1

My = 5 [myi.j—l T Myig J‘%]
1

m: = 3 [mzw‘—% T m2i+1.j—%} (314

3.3 Temporal Integration and Linearization

The time-dependent approach has been employed to solve the system of Reynolds-
averaged Navier-Stokes equations in body-fitted coordinates. It means, that, despite
the fact, that the objective of the present research is to obtain a steady-state solution,
the unsteady form of the equations is considered. The steady-state solution is obtained
by marching the solution in time until the convergent state is achieved. A simple first
order Euler differencing is employed for temporal integration in order to save CPU time

and minimize storage requirements.
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Q™! — Q™) liji .

A (Bur = B) #(Fay = Fy)™ 4 (Gray - Gy

Vijk

= (Bery = Biy) "+ (850 = 858) T+ (T - )™ +vinDpt 315)

In this vector equation a superscript n + 1 corresponds to the next time step, and
a superscript n corresponds to the previous time step, a subscript 7 + % is a shorthand
for i + %,j, k; @ is the vector of independent variables, U/ is the physical cell volume, D
is the source term vector, vectors E, F and G are inviscid flux vectors and vectors R,
S, T are viscous flux vectors in £, n and { directions respectively.

In order to linearize the inviscid flux, both the second order correction and Roe

matrices are evaluated at the previous time step. It yields

n+1 n
(Biy = Biy)™ = (Buy - Biy)
+AL 1 AQis + A 1 AQ: - AT | AQ: - A7 1 AQi(3.16)
where
AR = l(Af_l + (A — A" )
i+l = 9 (i i+t1
- 1
L - = n _ - _ AF\?
AL, = 3 (4F - (4= -4 )i+%)

Here A is a Roe’s matrix A = %, which is evaluated using Roe-averaged variables (see
appendix A), and AQ is the increment in time of the vector of dependent variables.

Similar linearization holds for the other two inviscid fluxes :

(Froy = Fg)™ = (B = Fy)”

where



B, = 5B+ (5 - By
By = 5 (B - -

n+l n
(GH% - Gk*%) = (Gk+§ - Gk—‘ﬁ)
+C 1 AQkm + C’,f+15AQk - CF L AQs
where
1 n —_ n
Cﬁq = 3 (Ck+1 +(C7 - C+)k+]_¢)
1
L — n - n
Ck+w = 9 (Ck -(C™ - C+)k+%)

and C is a Roe’s matrix C = %.
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‘(%L%AQk—l

The viscous fluxes are linearized by “freezing” the viscosity (laminar and turbulent)

and evaluating cross-derivative terms at the previous time step.

Li% Li%
R = R, 4 b agn, 4 2Rt g
i+y 10 0Qi T 0Qi '
Ml L
gt = gn g st g D0k o
J+5 Jt3 an+ J+1 Ya) J
Nf+§ :+{.-
T, . . oT,
T::; = T:+q + 3Q11+q AQi + a;-q AQ%

The source terms are linearized as

Oijk
oD
n+l _ nn UUigk
Dz]k Dijk + = AQ: ik

8Qijx

(3.17)

(3.18)
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The numerical scheme can be represented as

LHS = RHS (3.19)

where LHS and RHS are represented by following expressions:

LHS = (I - AtO;; 1) AQ: x
(Aﬁr% - th) AQit
At iL L iR R
t> 1t Ai+% B Li+% B A"‘% - Li_%)] 8Q:
- (AIL_I: - Lf—%) AQi1
(B2, - M2, ) agsn
At : :
to )t [(Bf+% - Mai%) - (B?-% - MJ'R'}?)] A9

—_ (Bf—l - M‘.L_1> AQJ—].

3\

(Ol?+;- - N;i%) AQk+1
At . >
AN [(C’f*’i' - N‘{‘:rl-) - (Ck— - Nﬁé)] AQk (3.21)

-(ety - nEy) 20

=

3.4 Approximate Factorization

To avoid the expense of inverting a large sparse matrix, an implicit three-dimensional
approximate factorization is employed to break the banded matrix into three block-
tridiagonal and one diagonal matrices. The implicit solver is slightly different from
standard AF method because the source term Jacobian is split separately, as suggested

in [39]. The approximate factorization algorithm can be presented as follows,

(I — AtO) AQ; = RHS (3.22)
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. At .p R N At
AQ™ + v (AH-% - Li+%) AQIL + — [(Aﬁ__ Li_._)

- (ary -2y aer - S (AE, - 18 ) a0z = a0 (329

At /. At
AQ™ + (Bf - MR, )AQ':;+ [(BL Mf+%)

7 +45 i+
. At
_ B;R_% —-MJR )] AQF — — (BL -MJ.L_%> AQTy = AQ3T(3.24)

At
2@+ 2t (ef - R, ) aQua+ 5 [(CE - MEy)
oty

3.5 Boundary Conditions

AQi — at (c Nf_%) AQi_, = AQy™ (3.25)

The following types of boundary conditions are utilized in the present computation:
“no-slip” solid wall, “slip” solid wall, or Euler reflection boundary, supersonic inflow

boundary, supersonic outflow boundary.

3.5.1 “No-Slip” Solid Wall

The physical viscous “no-slip” boundary conditions at the solid wall is

ulyw = 0
viw = 0
wiw = 0
klw = 0
glw = 0 or T|y isfixed (3.26)

There is no physical boundary condition for the solenoidal dissipation. The one
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derived by considering the equation of turbulence kinetic energy transport in the vis-
cous sublayer, which is the common choice for the turbulence models involving “real”

dissipation, is:

24, vk 2
€ = —_ 3.27
=22 (5] | (3.27)

Several other boundary conditions, like zero gradient of dissipation, proposed by

Lam and Bremhorst [32] etc. were also tested but all of them turned to be unstable
in present computations. The numerical implementation of this boundary conditions
have extremely strong influence on the stability of the computation. As suggested in
[59], on the solid wall the solution point is put on the surface of the wall instead of the
center of the cell, like it is done with internal points. The wall boundary conditions are
treated explicitly. When the wall is adiabatic and the first derivative of temperature at
the wall has to be zero, it is essential to evaluate it with the second order of accuracy

to avoid too big truncation error.

3.5.2 Solid “Slip” Wall Boundary Condition

In order to reduce the number of grid points it was suggested in [24] to treat the side
walls in the crossing shock interaction computation as adiabatic slip boundaries and
no boundary layers are formed near the side walls. This approach is reasonable when
the shocks are reflected from the side walls downstream of the domain of interest. This

approach was employed for 7° x 11° and 7° x 7° geometric configurations.

The inviscid flux through the wall is evaluated exactly as

F’inviscid = (01 PNy, pny, piz, 0,0, O)T

It was shown in [60], that computing the inviscid flux through the solid wall utilizing
the Roe scheme and fictitious cells can cause additional not physical flux of momentum
across the boundary. The fictitious cells are utilized to compute viscous flux through
the slip boundary and to evaluate the second order derivative of velocity with respect

to ( to be employed in the production of turbulence kinetic energy. Variables in the



fictitious cells are determined in the following way:

Pi = Pp (3.28)
Pr = Pp (3.29)
ki = kp (3.30)
€ = € (3.31)

(3.32)

Here subscript f denotes a fictitious cell and subscript p denotes a physical cell
adjacent to the wall. The velocity components in the fictitious cell are updated in such
a way that the component of the velocity normal to the wall be zero at the wall. The
tangential to the wall component of the velocity in the fictitious cell is equal to the

corresponding component in the physical cell.

3.5.3 Supersonic Inflow

At the inflow boundary the fictitious cells are utilized. The profiles of all dependent
variables in the fictitious cells are determined by the solution of the compressible tur-
bulent flat plate boundary layer using the 2-D boundary layer code, developed by R.

Becht [5], and are not updated during the computation.

3.5.4 Supersonic Outflow

The simple zero gradient boundary conditions are employed at the supersonic outflow.
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Chapter 4
2-D BOUNDARY LAYER TEST COMPUTATIONS

A 2-D test computation was performed to establish the accuracy of the solver and the
ability of the grid used in 3-D simulation to allow to resolve accurately at least the
uncoming flat plate turbulent boundary layer [24]. The solver was validated through

the application to the following computations:
a Laminar flat plate boundary layer
b Turbulent flat plate adiabatic boundary layer
¢ Turbulent flat plate isothermal boundary layer

In the present chapter, nondimensional variables are plotted in all figures, unless
otherwise stated. The nondimensionalization is described in section (2.3), in Table

(2.3).

4.1 Laminar Compressible Flat Plate Boundary Layer

In order to validate the accuracy of the laminar part of the solver, the compressible
supersonic laminar 2-D flat plate boundary layer was computed and the solution was

compared to the exact self-similar Blasius solution [53].

The Blasius equation is

df ,  _u
n- T Tw,
e 5 =0 (4.)

with the boundary conditions
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The self-similar variable 7 is the transformed distance in vertical direction:

_ [Re ¥ p dy
=Y 2~/0Pooz (4.2)

The 2-D compressible boundary layer equations can be reduced to the Blasius equa-
tion provided that the molecular viscosity is a linear function of temperature, Pr = 1
and the flat plate is adiabatic. In order to compare computational and analytical re-
sults, these three conditions were incorporated into the Navier-Stokes solver.

The 2-D flat plate boundary layer was simulated with Re, based on the plate length,

of 104 and M, = 2.

Y -oe......fopboundary _______________ -

outflow boundary

[

inflow boundary

ary layer
L j X

flat plate

Figure 4.1: Schematic of the computational domain for boundary layer over a flat plate.

The computational configuration is shown in Fig. (4.1). The inflow boundary
condition, imposed at z = 1., is a developed laminar Blasius boundary layer profile
(53], reinterpolated onto the present grid. Separate computations were performed in
two different planes and with the grid rotated at a certain angle in each of the planes.

Nondimensional pressure contours computed in rotated coordinates are presented

in Fig. (4.2). The profiles of nondimensional velocity and temperature at several z
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Figure 4.2: Pressure contours for the laminar boundary layer.

Figure 4.3: Velocity and temperature profiles in the laminar flat plate boundary layer:
1 Re, =0.125x10* 2 Re,=05x10* 3 Re,=0.875x10%.
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locations, plotted vs self-similar coordinate, are compared to the exact solution in Fig.

(4.3). The agreement is excellent.

4.2 Turbulent Flat Plate Boundary Layer

In order to validate that the 3-D code is correctly solving the governing equations,
computational results were compared to the results obtained with the turbulent bound-
ary layer code, developed independently by R. Becht [5], which utilizes the same low
Reynolds number correction. Since the boundary layer code uses much more refined
grid, than the 3-D code (typically 600 grid points across the boundary layer), the bound-
ary layer code predictions can be considered as being more accurate. The freestream
parameters are taken exactly the same as in the 3-D computation, i.e. the Mach number
is 3.95 and the Reynolds number based on the inflow boundary layer thickness, is equal
to 3 x 10°. The computational configuration is the same as shown in Fig. (4.1) for
the laminar computation. The inflow is a turbulent boundary layer profile, the same
one as in the 3-D computation. The profiles of dependent variables vs y coordinate
shown at the figures below are taken 10.5 cm downstream, which constitutes 30 charac-
teristic distancies, and the whole computational domain is 12.25 cm (35 characteristic
distances) long in streamwise direction. The characteristic distance is chosen equal to
the experimental boundary layer thickness at the upstream location.

The grid has N, = 72 nodes in streamwise direction and N, = 81 nodes in vertical
direction. The number of grid points within the boundary layer is 52 at the end of the
flat plate. The grid is uniform in streamwise direction. The y7 location of the second
cell centroid is 0.3. The first 18 cells adjacent to the wall are uniform, then geometri-
cal stretching with stretching coefficient of 1.2 is employed until a computational cell
becomes a square.

The grid, employed in the boundary layer computation, consists of 700 nodes, 600
of which are located in the boundary layer. The boundary layer code results were
reinterpolated to the sparse grid, used by the 3-D code.

At the supersonic inflow boundary all dependent variables are set according to the
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data, obtained with the boundary layer code. The “no-slip” boundary condition is
implemented at the flat plate, and zero gradient boundary conditions are imposed at

two other boundaries.

4.2.1 Adiabatic Wall Test Case

The results of the test computations over the adiabatic (zero heat flux) flat plate are
presented below. The boundary condition on temperature is simply that the temper-
ature derivative at the wall is zero. It is essential to utilize a second order expression
for the derivative in order to minimize a truncation error and accurately predict the
adiabatic temperature.

The computed streamwise velocity, vertical velocity, static temperature, turbulent
kinetic energy and dissipation of turbulence kinetic energy profiles are compared to
the boundary layer code results in figures (4.4 - 4.6) at some X location close to the
trailing edge of the flat plate. The abscissa is the dimensionless y coordinate. The
results obtained with the 3-D Navier-Stokes solver using a grid of 81 nodes in vertical
direction, are in excellent agreement with those computed with the boundary layer
code.

The distribution of the skin friction coefficient along the flat plate is compared to
the boundary layer code results in Fig. (4.7 a). The deviation at any x location does not
exceed 0.6%. The adiabatic wall temperature, presented in Fig.(4.7 b), is in excellent
agreement with the boundary layer code predictions and the deviation between two

results does not exceed 0.04%.

4.2.2 Isothermal Wall Test Case

The isothermal wall temperature is kept constant at 265 K (the inflow static tempera-
ture is 63.2 K). All other boundary conditions are the same as in the test case above.
The L-2 norm residual (Fig. 4.8) computed as the square root of the squares of
the right hand sides of the seven governing equations is down 11 orders during the
computation and reaches the machine zero when the solution is converged. As in the

adiabatic wall case, velocity, temperature, turbulence kinetic energy and dissipation
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Figure 4.4: Streamwise and vertical velocity profile in the boundary layer over an
adiabatic flat plate.
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Figure 4.5: Temperature profile in the boundary layer over an adiabatic flat plate.
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Chapter 5
PROBLEM DEFINITION

The focus of the present study is to validate the low Reynolds number correction
of Knight to the standard k—e¢ model in numerical simulation of the flow involving the
crossing shock wave/boundary layer interaction. The double fin configuration utilized
in the experiments of Zheltovodov et al. [62] is chosen for this purpose since both
extensive experimental and previous computational results are available for comparison.
Experimental data available for comparison includes surface pressure, heat transfer,
adiabatic wall temperature and surface flow visualization. Computational results are
extensively compared to the experimental results for all cases. Comparison to the
previous computational results of Knight et al. {24] using the Chein’s model and of Zha
and Knight [61] using the full Reynolds stress equation model is also reported for the
heat transfer rate and adiabatic wall temperature.

The shock waves are generated by a pair of fins which are mounted normal to a flat
plate and form a converging channel. Three configurations with fin angles of 7° x 11°,
7° x 7° and 15° x 15° have been examined at Mach 3.9. The experimental configuration
is presented in Fig. 5.1. The incoming flow parameters are summarized in Table 5.1.

The inflow profiles were generated with the boundary layer code [6], which utilizes
the same turbulence model. The appropriate inflow profile is considered to be the one
created by the boundary layer code which matches the experimental value of displace-
ment thickness. As suggested in [24], [61], thin boundary layers on side walls of the
double fin channel can be neglected for the 7° x 11° and 7° x 7° cases, since their
influence is limited to regions close to the side walls, where no experimental data is

available anyway. Consequently, the side walls are treated as slip boundaries in the



Table 5.1: Computational Conditions

Ref. My a1 as Res., Pteo Th. 0%
MPe°K mm

EXPERIMENT

Zheltovodov et al [62] 3.95 7° 11° 3.0 x 10° 1.5 260 1.1
Zheltovodov et al [62] 3.95 7° 7° 3.1x 10° 1.5 261 1.1
Zheltovodov et al {62] 3.95 15° 15° 3.0 x 10° 1.5 262 1.1

COMPUTATION
Case 1 3.95 7°  11° 3.0x10° 1.5 260 1.1
Case 2 3.95 7° 7° 3.1x10° 1.5 261 1.1
Case 3 3.95 15° 15° 3.0 x10° 1.5 262 1.1
LEGEND
M, freestream Mach number T freestream total temperature
Res,, Reynolds number based on 6., 65, upstream displacement thickness
Dt freestream total pressure ay,az fin angles (deg)
2 3 4
| | |
‘ 7deg'

Inviscid shock

|
! ' R
7‘3.5 mm 1/,,, o

Throat Middle Line

| 1ldeg

=——46 mm

79 mm

112 mm

192 mm

Figure 5.1: 7° x 11° (Zheltovodov et al.)
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7° < 11° and 7° x 7° computations, which saves memory and computational time. Of
course, after the shocks are reflected from the side walls and come to the central part
of the computational domain, computational results will deviate significantly from ex-
periment. However, nearly all of the experimental data for the 7° x 7° and 7° x 11°
configurations was obtained upstream of this point. The legitimacy of this approach
will be examined. This is not applicable to the 15° x 15° case, since in this case the
shock is reflected from the sidewall almost in the middle of the computational domain in
streamwise direction, and the shock wave-sidewall turbulent boundary layer interaction
should be treated adequately.

Three configurations were considered, with different fin angles: 7° x 11°, 7° x 7°
and 15° x 15°. For each case two separate computations were performed in order to

determine the heat transfer coefficient

Crh=qu(z,z)/ {PooUoocp[Tw(m’z) = Taw(z, 2)]} (5.1)

where ¢,(z,z) = -x,07T /0y is the wall heat transfer. First, the wall temperature
was fixed at T, = 1.0317;_, and the local heat transfer ¢,(z, z) determined. Then,
the wall was assumed adiabatic and the local adiabatic wall temperature T,,(z, z)
was determined. This approach has been employed previously for comparison with
experimental heat transfer [24], [34], [61].

In addition, a separate computation was performed for the first case in order to
investigate the influence of the wall temperature. Details of the computations are
presented in Table 5.2. The results of the computations are described in the next

chapter.
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Table 5.2: Details of Computations

Ref g s 4] BC Tw N;c Ny N:
Case la 7° 11° S I 101 81 49
Case 1b 7° 11° S A 101 81 49
Case 1c 7° 11° S I 202 81 49
Case 1d 7° 11° S I 101 162 49
Case le 7° 11° S I 101 81 98
Case 1f 7° 11° S I, T =270k 101 81 49
Case 2a 7° 7° S I 101 79 49
Case 2b 7° 7° S A 101 79 49
Case 3a 15° 15° N I 101 79 65
Case 3b 15° 15° N A 101 79 65
Ref Az/6  AYmin/bx  AYmaz /0 AzZmin/bx  Azmar/bs  Ays | BY7 laver
Case la 0.5 2.2x 1074 0.5 0.2 0.5 0.70 0.62
Caselb 05 22x107* 0.5 0.2 0.5 0.80 0.72
Case 1c 0.25 2.2x 1074 0.5 0.2 0.5 0.72 0.65
Case 1d 0.5 1.1x 1074 0.25 0.2 0.5 0.35 0.31
Case le 0.5 2.2x 1074 0.5 0.1 0.25 0.70 0.63
Case 1f 0.5 2.2x 1071 0.5 0.2 0.5 0.68 0.60
Case 2a 0.5 2.2x 104 0.5 0.2 0.5 0.55 0.52
Case 2b 0.5 2.2x 1074 0.5 0.2 0.5 0.63 0.59
Case 3a 0.5 2.2x 1074 0.5 1.6 x 1074 0.5 1.04 0.87
Case 3b 0.5 2.2x 1074 0.5 1.6 x 1074 0.5 1.16 0.97
LEGEND

N, number of points in z I Isothermal wall

N, number of points in y A Adiabatic wall

N, number of points in z N “No-slip” side walls

Ayf|ms 1ms grid spacing at wall in wall units S “Slip” side walls
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Chapter 6

RESULTS

6.1 Crossing Shock 7° x 11°

The inviscid shock structure is presented in Fig. 6.1. Two inviscid shocks originate
at the sharp fin tips, intersect at approximately z = 90mm and are reflected from the
wedge side walls at approximately z = 140mm (from 7° fin) and z = 157mm (from 11°
fin). The oblique shock angles are well predicted by inviscid theory. There is also a
rarefaction fan formed by the flow expanding downstream of the corner at 11° fin. The
wave structure close to the bottom flat plate can be very complex and substantially
different from the inviscid wave structure due to the nature of the shock wave-turbulent
boundary layer interaction, as will be described later.

General description of the “crossing shock interaction” flow can be found in {3, 15,
40, 42, 43]. The description of the present flow, based on both experimental and com-
putational results, is available in [24] and [61]. The incoming flow separates across the
entire spanwise direction and becomes involved in the uplifting motion. The computa-
tional domain and 3-D streamlines are presented in Fig. 6.2. The streamlines, which
originated at the flat plate at inflow boundary, converge downstream the interaction.
The flow is dominated by a pair of counter-rotating cross-flow vortices. They merge and
form a counter-rotating vortex pair which moves towards the left fin and forms a low
total pressure jet, as shown in Fig. 6.3. The vortex pair entrains the low energy fluid
in the incoming boundary layer into a concentrated region. The picture is essentially
three-dimensional and asymmetric due to the different fin angles and different shock
strength.

Figs. 6.4,6.5 and 6.6 present the computed surface skin friction lines and experi-

mental surface flow visualization respectively. The streamlines in Fig. 6.4 are colored
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Figure 6.1: Inviscid shock structure for 7° x 11°.
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Figure 6.2: Turbulence kinetic energy contours and 3-D streamlines for 7° x 11°.

Figure 6.3: Total pressure contours and 3-D streamlines for 7° x 11°.
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according to the values of static pressure. The Fig. 6.5 is taken from [24]. It has
been noted before {24] [41] that the computed surface skin friction lines are sensitive to
the turbulence model employed. Comparison of current results with [24] shows general
agreement as well as a number of substantially different details. Both incident sepa-
ration lines (lines of coalescence [48]) emanating from the fin leading edges (1 and 2)
are clearly observed in Fig. 6.4 in agreement with experimental results and previous
simulations of Knight et al [24] using the k¥ — ¢ model with the Chien low Reynolds
number correction. These separation lines are associated with the incident single fin
interactions. The computed and experimental separation line angles, measured relative
to the z-axis, agree within 9%. However, contrary to the computation [24] with the
Chien’s model [9] (see Fig.6.5), the incident separation lines do not coalesce near the
center of the region but rather continue downstream almost in parallel until they con-
verge at 2 ~ 110 mm to form a narrow band of skin friction lines (3), which is offset
to the left side of the channel. It is denoted in [24] as the left downstream coalescence
line. This line represents the surface image of the boundary between the left and right
vortices generated by the incident single fin interactions. The vortices are evident in
the crossflow velocity vectors (Fig. 6.7) at =112 mm. The crossflow velocity vectors
near the surface change direction at 3. Lines of divergence are also apparent near the
right fin (4) and left fin (5) associated with the incident single fin interaction. In a
major difference with the Chien’s model results, a second line of coalescence (the right
downstream coalescence line in Fig. 6.5) is not present in this computation. Conse-
quently, the model does not predict a secondary separation underneath the left side of
the right vortex (see [24]). The difference is due to deviation in the predictions of the
pressure distribution in the spanwise direction, obtained with each turbulence model,
as described below.

The computed and experimental surface pressure distribution in the spanwise di-
rection at z = 112 mm, normalized by the freestream static pressure p.,, is displayed
in Fig. 6.8. This location corresponds to the streamwise location No. 4 (see previous
chapter). The plot contains computational results obtained with three different turbu-

lence models as described above. The abscissa z—zy represents the spanwise distance
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Figure 6.4: Computed skin friction lines for 7° x 11° for k— ¢ model with low Re number
correction of Knight :
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2 Right incident separation line
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Figure 6.5: Computed skin friction lines for 7° x 11° for k — e model with low Re number
correction of Chien :

1 Left incident separation line

2 Right incident separation line

3 Left downstream coalescence line

4 Right downstream coalescence line
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measured from the TML (Throat Middle Line, Fig.5.1). The computed and experimen-
tal surface pressure are in general agreement for all three models. However unlike in
the present computations, the Chien’s model predicts a local adverse pressure gradient
in spanwise direction in the region —7mm < z—z1y < Omm. As described in detail
in [24], the flow near the surface at this location is moving towards the left fin and the
adverse pressure gradient causes the secondary separation and the appearance of the

right downstream coalescence line, which is not predicted by the present computation.
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Figure 6.7: Crossflow velocity vectors at ¢ = 112 mm for 7° x 11°

The computed and experimental surface pressure along the Throat Middle Line
and at streamwise locations £ = 46mm and z = 79mm is displayed in Figs. 6.9,
6.10 and 6.11, respectively. The computed and experimental surface pressure on TML
are in good agreement for z < 135 mm, although the computation underestimates
the extent of the upstream influence, as observed in previous studies (e.g., [24], [42]
). The computed pressure does not accurately predict the pressure rise (beginning at
z =145 mm) associated with the shock reflection from the 7° fin, since the computation
omits the boundary layers on the fin surfaces. The uncertainty in experimental surface

pressure measurements does not exceed +0.5%.
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Figure 6.12: 3-D shock structure for 7° x 11°.

The 3-D wave structure is presented in Fig. 6.12, which contains nondimensional
static pressure contours at the lower surface, in “inviscid” region and at three z loca-
tions. The 2-D pressure contours at three successive z locations are presented at Figs.
6.13, 6.15 and 6.17. Schematic plots of corresponding wave structure at each location
are presented in Fig. 6.14, 6.16 and 6.18.

The pressure contours are in general agreement with corresponding results described
in [24]. At # = 46mm (6.13) the pressure contours show two individual A-shock struc-
tures, generated by two fins, which have not yet intersected. The single fin A-shock
structure, which is a result of the interaction of inviscid shock wave and developed
boundary layer, is described in detail in [10]. The primary shock bifurcates into a sep-
aration shock and a rear shock. The separation vortex is located beneath the main
shock. At ¢ = 79mm inviscid shocks have not yet intersected, but separation shocks
have reflected from one another. At # = 112mm inviscid shocks have already inter-
sected, and, as described in [24], there is an expansion region in the central part of the

flowfield, between the reflected shocks, which extends downward.
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The turbulence kinetic energy contours at the same three subsequent z locations
are presented at Figs. 6.19, 6.20 and 6.21 together with 2-D “streamlines” in the y — z
plane. These three plots are made not to scale. The 2-D “streamlines” are not real
streamlines, but curves tangent to the component of velocity in the y — = plane. These
lines are plotted to indicate the location of vortices. Unfortunately, no experimental
measurements of turbulence kinetic energy are available for comparison.

The two maxima at Fig. 6.19 correspond to the individual separation vortices gen-
erated by two single fin interactions, with the highest k in the vortex which corresponds
to the 11° fin. These vortices converge (Fig. 6.20) to form a counter-rotating vortex
pair with a maximum of & located between two vortices. Similar to the results described
n [61], downstream of the interaction (Fig. 6.21 ) the turbulence kinetic energy con-
tours have a typical mushroom-like shape. The merged vortex pair has entrained most
of the boundary layer. In a major difference with the results obtained with the RSE
model [61], the maximum value of turbulence kinetic energy is two times lower, than
similar value in [61]. The two vortices, obtained in the present computation, are signif-
icantly weaker than in [61]. All this differences may be attributable to the differences
in turbulence models employed in the computation.

The computed and experimental surface heat transfer coefficient C}, is presented in
Figs. 6.22 to 6.25. The uncertainty in the experimental heat transfer measurements
is £10% to 15%. The computed T,,,, required for the computation of Cj, is within 1
to 1.5% of the experimental measurement (see [24]) obtained using the thermovision
technique as well as the thermocouple measurements. The z-locations represented at
Figs. 6.23 and 6.24 are upstream of the interaction of the shocks. The computed heat
transfer at these locations is in reasonable agreement with experimental values, but all
experimental measurements where taken in the region of the flow located in front of the
shocks. Downstream of the intersection of the fin-generated A—shock structures (z.e.,
for z > 90 mm on the TML) the computations with all three considered turbulence
models overpredict the heat transfer by approximately a factor of two, with a mod-
est improvement in the computations performed with RSE and present models. This

discrepancy is attributable to the limitations of turbulence models. Comparison of the
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Figure 6.19: Turbulence kinetic energy contours at z = 46 mm for 7° x 11°
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Figure 6.20: Turbulence kinetic energy contours at ¢ = 79 mm for 7° x 11°
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Figure 6.21: Turbulence kinetic energy contours at z = 112 mm for 7° x 11°

computed and experimental heat transfer at 2 =112 mm downstream of the intersection
of the A—shock structures, shows significant disagreement. In summary, the computed
C), displays qualitatively the trends observed in the experiment, but does not provide
reliable values downstream of the interaction of the A-shocks.

The computed and experimental adiabatic wall temperature distributions in stream-
wise and spanwise directions are displayed in Figs. 6.26 to 6.29 respectively. The results
are compared to the computational results from [24] and [61]. Figs.6.30-6.33 contain
comparison of the adiabatic wall temperature to the experimental results, obtained with
two different techniques: thermocouple and thermovision measurements. The experi-
mental uncertainty in the adiabatic wall temperature measurements is extremely low
(£0.15°K). The results of the present computation exhibit excellent agreement with
the experiment.

Figs. 6.34 and 6.35 contain contour plots of the adiabatic wall temperature, nondi-
mensionalized by the adiabatic wall temperature at infinity. The experimental results
were obtained using thermovision technique.

The results are in qualitative agreement. Computations correctly predict a slight
temperature rise downstream of the interaction of the two crossing shocks and in the

vicinity of the line of coalescence of the two vortices. The temperature decrease at the
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rarefaction fan when the flow expands behind the corner at 11° fin, is also predicted.
The computational results for the temperature at /6., more than 42 are not accurate,
since information in these locations is affected by the shocks reflected from the side
walls. However, in the present computations boundary layers on the side wall surfaces

are not resolved and fins are treated as inviscid boundaries.
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Figure 6.27: Adiabatic wall temperature at £ = 46 mm for 7° x 11°
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Figure 6.29: Adiabatic wall temperature at z = 112 mm for 7° x 11°
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Figure 6.31: Adiabatic wall temperature at z = 46 mm for 7° x 11°
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6.2 Crossing Shock 7° <« 7°

The computed skin friction lines and experimental surface flow visualization for the
7° x 7° configuration are presented in Figs. 6.36 and 6.37, respectively. The separation
lines originating from the fin leading edges are apparent in the computation and experi-
ment. The computed and experimental separation line angles agree within 7%. Similar
to the previous case, the computed skin friction lines do not intersect, but, after chang-
ing direction, slowly converge towards each other. Two weak divergence lines 3 and 4
can be found near the fin surfaces. The computational flow pattern is completely sym-
metric, however, experimental results display slight asymmetric behavior downstream
in the vicinity of the centerline.

The computed and experimental surface pressure, normalized by the freestream
static pressure p,,, are displayed in Figs. 6.38 and 6.39 along the Throat Middle Line
and at the three streamwise locations. The computed and experimental surface pressure
on TML and in all three z locations are in excellent agreement with experiment.

The computed and experimental surface heat transfer coeflicient C}, is presented in
Figs. 6.40 to 6.43. The results exhibit significantly better agreement with the exper-
imental measurements than in the previously considered 7° x 11° configuration case.
Even downstream of the crossing shock intersection (i.e. for > 90 mm on the TML)
the computations are virtually within the experimental uncertainty. The adiabatic wall
temperature, presented in Figs. 6.44 to 6.47) is again in excellent agreement with
experiment.

It is not yet clear why the same turbulence model provides for good heat transfer
predictions in the 7° x 7° case and for much worse predictions in the 7° x 11° case. A
possible explanation, suggested by Dr. A.A. Zheltovodov, is the partial relaminarization
of the flow under the influence of the favorable crossflow pressure gradient, which can
cause a decline in the value of the heat transfer coefficient in the 7° x 11° case. The

regions of favorable pressure gradient are evident in Fig. 6.4, where surface streamlines

are colored according to static pressure.
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Figure 6.43: Heat transfer at z = 112 mm for 7° x 7°
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6.3 Crossing Shock 15° < 15°

The computed skin friction lines and experimental surface flow visualization for the
15° « 15° configuration are presented in Figs. 6.48 and 6.49, respectively. The two
separation lines 1 and 2 originating from the fin leading edges are apparent in the
computation and experiment. The computed and experimental separation line angles
agree within 12%. The computed skin friction lines show complex behavior in the
vicinity of the intersection of the separation lines (Fig. 6.50). Two lines of coalescence 3
and 4, which are caused by secondary separation of the low Mach number fluid beneath
the previously separated main flow [24], form downstream in qualitative agreement with
experiment. The second coalescence line was not present in previous computations
which may be attributable to the insufficient resolution. Two strong divergence lines 5
and 6 are located near the fin surfaces.

The computed and experimental surface pressure, normalized by the freestream
static pressure p,., are displayed in Figs. 6.51 and 6.52-6.54 along the Throat Middle
Line and at the three streamwise locations respectively. The computed surface pressure
on the centerline is overpredicted by 22 % in the vicinity of the crossing shock inter-
action. However, pressure distribution in spanwise direction is in good agreement with
the experiment.

The computed and experimental surface heat transfer coefficient C} is presented
in Figs. 6.55 to 6.58. The z-location represented at Figs. 6.23 is upstream of the
interaction of the shocks and the computed heat transfer at this location is in reasonable
agreement with experimental values. As in the previously considered 7° x 11° case,
computation overpredicts the heat transfer rate downstream of the interaction by a
factor of 1.8. Computation also predicts significant drop in heat transfer coefficient at
the intersection point, which is not present in experimental results. Comparison of the
computed and experimental heat transfer at £ =79 and £ =112 mun downstream of the
intersection of the A—shock structures, shows significant disagreement.

Unlike in the previous computations, the adiabatic wall temperature along the cen-

terline presented in Fig. 6.59, is 3% higher than corresponding experimental result after
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Figure 6.50: Computed skin friction lines for 15° x 15° in the vicinity of the intersection
point:

1 Intersection point

2 Left downstream coalescence line

3 Right downstream coalescence line.

the shock intersection. However, the streamwise temperature distribution (Figs. 6.60
to 6.62) is again in excellent agreement with experiment.

Figs. 6.63 and 6.64 contain contour plots of the adiabatic wall temperature, nondi-
mensionalized by the adiabatic wall temperature at infinity. The experimental results
were obtained using thermovision technique. The results are in qualitative agreement.
Computations overpredict by several percent a slight temperature rise at the centerline
and in the vicinity of the lines of coalescence downstream of the interaction of the two
crossing shocks. The temperature decrease at the rarefaction fan when the flow expands

behind the corners, is also predicted.



89

P/P,, —————— Computation
12 r 1]

Experiment

025 50 75 100 125 150
X, mm
Figure 6.51: Wall pressure on TML for 15° x 15°
1ot P/P_
10+
8} ————  Computation
. Experiment
6;.
4’ [ ]
2 = s ' . LI -
0% =26 H0 0 10 20 30
Z-Z,,,mm

Figure 6.52: Wall pressure at z = 46 mm for 15° x 15°
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Figure 6.53: Wall pressure at z = 79 mm for 15° x 15°
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Figure 6.54: Wall pressure at z = 112 mm for 15° x 15°
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Figure 6.55: Heat transfer on TML for 15° x 15°
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Figure 6.56: Heat transfer at z = 46 mm for 15° x 15°
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Figure 6.57: Heat transfer at z = 79 mm for 15° x 15°
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Figure 6.58: Heat transfer at ¢ = 112 mm for 15° x 15°
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Figure 6.59: Adiabatic wall temperature on TML for 15° x 15°
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Figure 6.60: Adiabatic wall temperature at £ = 46 mm for 15° x 15°
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Figure 6.61: Adiabatic wall temperature at z = 79 mm for 15° x 15°
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Figure 6.62: Adiabatic wall temperature at z = 112 mm for 15° x 15°
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Figure 6.63: Computed adiabatic wall temperature contours at the flat plate surface
for 15° x 15°
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Figure 6.64: Experimental adiabatic wall temperature contours at the flat plate surface
for 15° x 15°
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6.4 Influence of Computational Parameters

6.4.1 Grid Refinement Study

A grid refinement study was performed for the 7° x 11° case in order to investigate the
influence of the grid resolution on the results. The grid refinement study was performed
by doubling the number of the grid nodes in each direction one at a time. The details
of the grids involved in the grid refinement study can be found in the Table 5.2 in the
previous chapter (cases 1c, 1d and 1le).

It was found that the pressure distribution on the bottom surface is virtually insen-
sitive to the grid refinement, as it is shown in Fig.6.65. The heat transfer coefficient
on the centerline (Fig. 6.66) varies with the grid resolution within 8% in the region
downstream of the crossing shock interaction. This value is significantly less than the
deviation of computed heat transfer coefficient from the experimental value, and from
this point of view the accuracy of the computation is considered sufficient (i.e., the
numerical truncation error for the heat transfer coefficient is small compared to the dif-

ference between the computed and experimental values in the 3-D interaction region).
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Figure 6.65: Pressure at the centerline for 7° x 11°: grid refinement study
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Figure 6.66: Heat transfer coefficient at the centerline:
grid refinement study for 7° x 11°

6.4.2 Influence of the Wall Temperature

Separate computation were performed for the 7° x 11° case in order to investigate the
influence of the wall temperature on the heat transfer coefficient. As briefly described

in the previous chapter, in order to determine the heat transfer coeflicient
Cr= Qw(za z)/ {pooUoocp[Tw(zy Z) - Taw(z7 Z)]}

two computations are needed, one with the fixed bottom wall temperature T, and
another one to determine the adiabatic wall temperature Taw = Taw (2, z). In order
to verify the legitimacy of the present approach for computing C, and to investigate
the influence of the choice of T, on C},, two computations with two different values of
T, (265K and 270K) were performed.

Figs. 6.67 and 6.68 contain heat transfer distributions along the centerline and at
one of the crossections respectively, obtained with two different wall temperatures. The
results show that the influence of the choice of wall temperature on the heat transfer

coefficient is negligible as expected.
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Figure 6.67: Heat transfer coefficient for different Tw at the centerline
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Chapter 7
CONCLUSIONS

7.1 Conclusions

A crossing shock wave-turbulent boundary layer interaction has been studied numer-
ically. The shock waves are generated by a pair of fins which are mounted normal to
a flat plate and form a converging channel. The focus of the study has been to inves-
tigate the ability of the low Reynolds number correction to the “standard” k — € two
equation turbulence model to provide for improvement in the predictions of adiabatic
wall temperature and heat transfer rates during the interaction of the shock waves with
the turbulent boundary layer on the flat plate. Three configurations with fin angles of
7° x 11°, 7° x 7° and 15° x 15° have been examined at Mach 3.95. Experimental data
available for comparison includes surface pressure, heat transfer, adiabatic wall tem-
perature and surface flow visualization. The results obtained with this new turbulence
model are also compared for the 7° x 11° configuration to the previous computational
predictions obtained with the Chien’s low Re number correction {24] to the two-equation
k—e model and to the corresponding computations with a full Reynolds stress equation
model [61].

Computations employ the 3-D Reynolds-averaged compressible Navier-Stokes equa-
tions with turbulence represented by the two equation k—e model with the low Reynolds
number correction of Knight. A series of test computations has been conducted to
validate the solver. The grid refinement study was performed and influence of compu-
tational parameters was examined.

The principal conclusions are:

¢ The computed surface pressure displays good agreement with experiment for all
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three turbulence models for the 7° x 11° configuration. For the 15° x 15° con-
figuration pressure is overpredicted by 22 % at the centerline in the vicinity of
the point of the intersection of the oblique shocks but exhibits good agreement in

other regions.

¢ The computed surface skin friction lines and experimental surface flow visualiza-
tion display close agreement in the location of the initial separation lines, and are
in qualitative agreement within the crossing shock interaction region. However,
in a major difference with the Chien’s model results for the 7° x 11° configuration,
the secondary separation line is not predicted by the present computation due to
the difference in computed pressure distribution in the spanwise direction. The

secondary separation line is present in the 15° x 15° computation.

¢ For the 7° x 11° configuration, the computed heat transfer is significantly over-
predicted by all three models within the region downstream of the intersection of
the A—shocks generated by the fins. However, a modest improvement is achieved
compared to the computations with Chien’s model. For the 15° x 15° configura-
tion, the computed heat transfer within the region downstream of the intersection

is also significantly overpredicted by the present computation.

e For the 7° x 7° configuration, the computed heat transfer is in a good agreement

with the experimental results within the whole computational domain.

¢ The adiabatic wall temperature is accurately predicted for all considered config-
urations, except that it is overpredicted by 3% in the vicinity of the centerline in

the 15° x 15° case.

7.2 Discussion of the Results of the Validation of the Low Reynolds

number correction of Knight

The main objective of the present research was the validation of the low Reynolds num-

ber modification of Knight to the standard k& — ¢ model in application to a crossing
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shock flow. The model predicts adiabatic wall temperature better, than other consid-
ered models. However, the surface heat transfer downstream of the interaction of the
shocks is still overpredicted by the present model for the 7° x 11° and 15° x 15° config-
urations. The results with the current model exhibit a modest Improvement compared
to the Chien’s model results, however, the difference is small compared to the deviation
with experiment. Even the full Reynolds stress equation model, which is considerably
more complex and takes better account of the flow physics, does not provide for essen-
tial improvement in the prediction of the wall heat transfer rate. In the 7° x 7° case
computations are in reasonable agreement with experiment for all variables including
surface heat transfer.

In summary, all three considered turbulence models overpredict C), downstream
of the interaction. The reason for that is not clear and further research is needed.
Several explanations could be suggested. The first possible explanation, suggested by
Dr. A.A. Zheltovodov, is the partial relaminarization of the flow under the influence
of the favorable crossflow pressure gradient, which can cause a decline in the value
of the heat transfer coefficient in the 7° x 11° case. The regions of favorable pressure
gradient are evident in Fig. 6.4, where surface streamlines are colored according to static
pressure. The second possible reason is that all three considered models have a build-in
assumption of the presure gradient being small, which is not the case in the present
computation. The current model was tested in [6] for a 2-D boundary layer flow with
adverse pressure gradient. Results showed close agreement with experimental velocity
and Mach number and disagreement for the surface skin friction and Reynolds shear
stress. The k — ¢ model is known to perform worse in the presense of a strong adverse
pressure gradient and separation [55]. The third possibility is a nonadequate resolution
of the secondary structures, located underneath of the main separation region, at least

in the 15° x 15° case.
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7.3 Future Work

Substantial research efforts have been invested into studying shock wave-turbulent
boundary layer interactions, in particular, crossing shock interaction. However, a com-
plete understanding of the flow physics has not been achieved so far and further research
is needed.

In the field of experimental investigation of crossing shock interaction flows sub-
stantially more detailed experimental measurements for asymmetric cases are needed
in order to provide for further insights into the problem and to validate computational
results and different turbulence models. In particular, more measurements of main
flowfield and wave structure as well as of turbulence statistics, wall heat flux and shear
stress are needed.

In the field of numerical investigation of crossing chock flows a significant improve-
ment can be achieved by utilizing adaptive grids. Crossing shock flows usually manifest
a complex wave structure, especially within boundary layer, with some of the waves
being weak, and no possibility exists to predict the wave structure a priori (except
for main “inviscid” shocks). Consequently, better predictions could be obtained with

adaptive grids, both structured and unstructured.
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Appendix A

Jacobian Matrices .

Explicit form of the Jacobian matrices is presented in this appendix. The matrices
are obtained analytically in [22] by rewriting the flux vectors in terms of conservatjve
variables and differentiating each flux with respect to each conservative variable.

The Jacobian matrices A, B and C obtained by differentiating inviscid fluxes with

respect to conservative variables, are :
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where M = [ye — (y - 1)K] , K = LJ%&, U=lLutlv+lw,V = mut+m,vim,w,

and W = nzu + nyv + n,w.

The Jacobians are evaluated at the cell faces using the conservative variables in the

neighboring cells.

The Jacobian matrices L, M and N obtained by differentiating viscous fluxes with

respect to conservative variables, are presented below.
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T4l At ‘m.z:ﬁ k] LSS e a"+§7’{% aH%i—: 0 0 0 A13)
ng | ng 2 ng 3 ng 4 dzsaqg'j:: les1 dzsaog—z;, les1 0
—dzsak:—:ﬁ + (pk les1 + Pk |k+1) % 0 0 0 0 das (ak o +ﬂk) 0
—dgg,a(:—:‘& 4} 0 0 0 0 dgsag;h%
Here
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ar Uiy Vi wf'-H
ns1 = desaQo— |y — @, |d3 + dy4 + dag
? dp Ik“ k4 [ Pl+1 Phk+1 Pr+1
+2d, Uk+1Vk+1 + 2dg Uk +1Wh41 + 2d17vk+1wk+1}
Pk+1 Pk+1 Pk+1
orT Ukl Vkt1 Wty
ng2 = digaQa— |pi oLt [ds + dg + dy J
Qapu k1 y Pk+1 Pl+1 Prk+1
aT Uk41 Uk 41 W41
ngs = dygag—— + a ’.[dl + d, + dy7 ]
z Qapv Ik“ K+ 4Pk+1 6Pk+1 P+
oT Wiyl Up 41 Vg1
ns4 = dasag— +a,. [dz«: + dg +dy7 }
! Qapw |k+1 Skt Pk+1 Pr+1 Pk+1

The Jacobians are evaluated at the cell faces using the conservative variables in the
neighboring cells.
The Jacobian matrix O was not obtained by differentiating source terms with respect

to conservative variables. Instead, it was evaluated as follows:

0 0 0 0 ¢ AfSourceTerms) 0
0 = Alok) (A.14)
0000 O 0 A(Sot;rceTerms)
(0e)

The resulting matrix is:

00000¢f 0
0= c (A.15)
00000 0 SZgbe

Such approach was previously employed in the CRAFT code with the Chien’s k— ¢
model. Contribution from Production terms is neglected. Only diagonal elements are

used to enchance diagonal dominance.
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Appendix B

Tabular Form of the Low Reynolds Number Correction
for f,

The following are the partial results found by Knight for the computation of f,. versus
R, [6].

R, fu R, fu R, fu

0.0 0.031481 || 0.11572E-07 | 0.031481 || 0.65107E-07 | 0.031481
0.22891E-06 | 0.031481 || 0.62229E-06 | 0.031481 || 0.14382E-05 0.031481
0.29723E-05 | 0.031481 || 0.56618E-05 | 0.031481 || 0.10136E-04 0.031481
0.17282E-04 | 0.031481 || 0.28333E-04 | 0.031481 0.44974E-04 | 0.031481
0.69491E-04 | 0.031481 || 0.10495E-03 | 0.031481 0.15544E-03 | 0.031481
0.22637E-03 | 0.031481 || 0.32485E-03 | 0.031481 0.46016E-03 | 0.031481
0.64444E-03 | 0.031481 || 0.89336E-03 | 0.031481 0.12272E-02 | 0.031481
0.16722E-02 | 0.031481 || 0.22617E-02 | 0.031481 0.30388E-02 | 0.031481
0.40582E-02 | 0.031481 {[ 0.53898E-02 | 0.031481 0.71224E-02 | 0.031481
0.93687E-02 | 0.031481 || 0.12271E-01 | 0.031481 0.16010E-01 | 0.031481
0.20814E-01 | 0.031481 || 0.26968E-01 | 0.031481 0.34833E-01 | 0.031481
0.44863E-01 | 0.031481 || 0.57624E-01 | 0.031481 || 0.73828E-01 0.031481
0.94362E-01 | 0.031481 || 0.12034E+00 | 0.031481 0.15313E4-00 | 0.031481
0.19446E+00 | 0.031481 || 0.24645E+00 | 0.031481 0.31175E400 | 0.031481
0.39360E+00 | 0.031481 || 0.49603E+00 | 0.031481 0.62395E+00 [ 0.031481
0.78339E+00 | 0.031481 || 0.98173E+00 | 0.031481 0.12279E+01 | 0.031481

1.5327 0.031481 1.9092 0.031481 2.3729 0.031481
2.9424 0.031481 3.6394 0.031481 4.4897 0.031481
5.5228 0.031481 6.7728 0.031481 8.2783 0.031481
10.083 0.031481 12.233 0.031481 14,781 0.031481
17.782 0.031481 21.293 0.031481 25.369 0.031481

30.068 0.031481 35.439 0.031481 41.529 0.031481
48.372 0.031633 55.991 0.031972 64.394 0.032508
73.570 0.033258 83.491 0.034240 94.107 0.035475
105.35 0.036988 117.13 0.038812 129.35 0.040981

Table B.1: Tabular Form of £, vs. Re,



Rt fu Rt fu Rt fu
141.89 | 0.043536 || 154.64 | 0.046524 || 167.49 | 0.049999
180.31 | 0.054020 || 193.02 | 0.058652 || 205.53 | 0.063969
217.78 | 0.070048 || 229.74 | 0.076975 || 241.37 | 0.084840
252.68 | 0.093735 || 263.67 | 0.103757 || 274.37 | 0.115004
284.80 | 0.127571 |[ 295.00 | 0.141547 {| 305.00 | 0.157011
314.84 | 0.174022 || 324.53 | 0.192609 || 334.12 | 0.212758
343.62 | 0.234389 || 353.05 | 0.257334 || 362.44 | 0.281294
371.81 | 0.305798 || 381.20 | 0.330134 || 390.66 | 0.353272
399.79 | 0.372845 || 408.68 | 0.387696 || 417.44 [ 0.397520
426.14 | 0.406392 || 434.79 | 0.414960 || 443.39 [ 0.423240
451.95 | 0.431248 || 460.46 | 0.439000 || 468.93 | 0.446509
477.36 | 0.453786 || 485.76 | 0.460845 || 494.12 | 0.467695
502.46 | 0.474347 || 510.76 | 0.480810 || 519.04 | 0.487093
527.29 | 0.493203 || 535.51 | 0.499150 || 543.71 | 0.504939
551.88 | 0.510578 || 560.03 | 0.516072 || 568.17 | 0.521429
576.28 | 0.526653 || 584.37 | 0.531750 || 592.44 | 0.536724
600.50 | 0.541582 || 608.53 | 0.546326 || 616.55 | 0.550962
624.56 | 0.555493 || 632.55 | 0.559923 || 640.52 | 0.564256
648.48 | 0.568495 || 656.42 | 0.572644 || 664.35 [ 0.576705
672.27 | 0.580682 || 680.18 | 0.584577 || 688.07 | 0.588393
695.95 | 0.592133 || 703.82 [ 0.595800 || 711.68 | 0.599394
719.52 | 0.602920 || 727.36 | 0.606378 || 735.18 | 0.609772
743.00 | 0.613102 || 750.80 | 0.616371 || 758.60 | 0.619581
766.39 | 0.622733 || 774.16 | 0.625829 || 781.93 | 0.628871
789.69 | 0.631860 || 797.44 | 0.634798 || 805.18 | 0.637686
812.92 | 0.6405625 || 820.64 | 0.643317 || 828.36 | 0.646063
836.07 | 0.648764 || 843.77 | 0.651422 || 851.47 | 0.654037
859.16 | 0.656610 || 866.84 | 0.659144 || 874.51 | 0.661638
882.18 | 0.664094 || 889.84 | 0.666513 || 897.50 | 0.668895
905.14 | 0.671241 || 912.79 | 0.673553 || 920.42 | 0.675831
928.05 | 0.678076 || 935.68 | 0.680288 || 943.29 [ 0.682469
950.91 | 0.684619 || 958.51 | 0.686739 || 966.11 | 0.688830
973.71 | 0.690892 }| 981.30 | 0.692925 |[ 988.89 | 0.694931
996.47 | 0.696910 || 1004.04 | 0.698863 || 1011.61 | 0.700790
1019.18 | 0.702692 || 1026.74 | 0.704569 [[ 1034.29 [ 0.706422
1041.84 | 0.708251 || 1049.39 [ 0.710057 || 1056.93 | 0.711840
1064.47 | 0.713601 || 1072.00 | 0.715340 || 1079.53 | 0.717058
1087.05 | 0.718755 || 1094.57 | 0.720431 {| 1102.09 | 0.722087
1109.60 | 0.723723 || 1117.11 | 0.725340 || 1124.61 | 0.726938
1132.11 | 0.728517 [} 1139.61 | 0.730078 || 1147.10 | 0.731621

Table B.2: Tabular Form of f, vs. Re, (Continued)
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R,

fll-

R,

fu

R,

fu

1154.59

0.733147

1162.07

0.734655

1169.56

0.736146

1177.03

0.737621

1184.51

0.739079

1191.98

0.740521

1199.44

0.741947

1206.91

0.743358

1214.37

0.744753

1221.82

0.746134

1229.27

0.747499

1236.72

0.748851

1244.17

0.750188

1251.61

0.751511

1259.05

0.752820

1266.49

0.754116

1273.92

0.755399

1281.36

0.756668

1288.78

0.757925

1296.21

0.759169

1303.63

0.760401

1311.05

0.761620

1318.46

0.762827

1325.88

0.764023

1333.29

0.765206

1340.69

0.766379

1348.10

0.767540

1355.50

0.768690

1362.90

0.769829

1370.30

0.770957

1377.69

0.772074

1385.08

0.773182

1392.47

0.774278

1399.85

0.775365

1407.24

0.776442

1414.62

0.777509

1422.00

0.778566

1429.37

0.779613

1436.74

0.780651

1444.12

0.781680

1451.48

0.782700

1458.85

0.783711

1466.21

0.784713

1473.57

0.785706

1480.93

0.786690

1488.29

0.787666

1495.64

0.788634

1503.00

0.789593

1510.35

0.790544

1517.69

0.791487

1525.04

0.792422

1532.38

0.793350

1539.72

0.7914269

1547.06

0.795181

1554.40

0.796086

1561.73

0.796983

1569.06

0.797872

1576.39

0.798755

1583.72

0.799630

1591.05

0.800499

1598.37

0.801360

| 1605.70

0.802215

1613.02

0.803062

1620.33

0.803903

1627.65

0.804738

1634.96

0.805566

1642.28

0.806387

1649.59

0.807203

1656.90

0.808012

1664.20

0.808814

1671.51

0.809611

1678.81

0.810402

1686.11

0.811186

1693.41

0.811965

1700.71

0.812738

1708.00

0.813505

1715.30

0.814267

1722.59

0.815023

1729.88

0.815773

1737.17

0.816518

1744.46

0.817257

1751.74

0.817992

1759.02

0.818720

1766.31

0.819444

1773.59

0.820163

1780.86

0.820876

1788.14

0.821584

1795.42

0.822288

1802.69

0.822986

1809.96

0.823680

1817.23

0.824368

1824.50

0.825052

1831.77

0.825731

1839.03

0.826406

1846.29

0.827076

1853.56

0.827742

1860.82

0.828402

1868.08

0.829059

1875.33

0.829711

1882.59

0.830359

1889.84

0.831002

1897.10

0.831641

1904.35

0.832276

1911.60

0.832907

1918.85

0.833534

1926.10

0.834156

1933.34

0.834775

1940.58

0.835389

1947.83

0.836000

1955.07

0.836607

1962.31

0.837209

1969.55

0.837808

1976.78

0.838403

1984.02

0.838995

1991.25

0.839583

1998.49

0.840167

2005.72

0.840747

2012.95

0.841324

2020.18

0.841897

2027.41

0.842467

Table B.3: Tabular Form of f, vs. Re, (Continued)



Ry

fu

R,

Fu

R,

fu

2034.63

0.843033

2041.86

0.843596

2049.08

0.844155

2056.30

0.844711

2063.52

0.845263

2070.74

0.845813

2077.96

0.846359

2085.18

0.846901

2092.39

0.847441

2099.61

0.847977

2106.82

0.848510

2114.03

0.849040

2121.24

0.849567

2128.45

0.850091

2135.66

0.850612

2142.87

0.851129

2150.07

0.851644

2157.28

0.852156

2164.48

0.852665

2171.68

0.853171

2178.89

0.853674

2186.09

0.854174

2193.28

0.854672

2200.48

0.855166

2207.68

0.855658

2214.87

0.856147

2222.07

0.856633

2229.26

0.357117

2236.45

0.857598

2243.64

0.858077

2250.83

0.858552

2258.02

0.859025

2265.21

0.859496

2272.39

0.859964

2279.58

0.860429

2286.76

0.860892

2293.94

0.861353

2301.12

0.861811

2308.31

0.862267

2315.48

0.862720

2322.66

0.863170

2329.84

0.863619

2337.02

0.864065

2344.19

0.864509

2351.37

0.864950

2358.54

0.865389

2365.71

0.865826

2372.88

0.866260

2380.05

0.866693

2387.22

0.867123

2394.39

0.867550

2401.55

0.867976

2408.72

0.868400

2415.88

0.868821

2423.05

0.869240

2430.21

0.869657

2437.37

0.870072

2444.53

0.870485

2451.69

0.870896

2458.85

0.871305

2466.01

0.871712

2473.17

0.872117

2480.32

0.872520

2487.48

0.872921

2494.63

0.873319

2501.78

0.873716

2508.94

0.874111

2516.09

0.874505

2523.24

0.874896

2530.39

0.875285

2537.53

0.875673

2544.68

0.876058

2551.83

0.876442

2558.97

0.876824

2566.12

0.877204

2573.26

0.877582

2580.40

0.877959

2587.54

0.878334

2594.68

0.878707

2601.82

0.879078

2608.96

0.879448

2616.10

0.879815

2623.24

0.880181

2630.37

0.880546

2637.51

0.880909

2644.64

0.881270

2651.78

0.881629

2658.91

0.881987

2666.04

0.882343

2673.17

0.882698

2680.30

0.883051

2687.43

0.883402

2694.56

0.883752

2701.69

0.884100

2708.82

0.884447

2715.94

0.884792

2723.07

0.885136

2730.19

0.885478

2737.31

0.885819

2744.44

0.886158

2751.56

0.886495

2758.68

0.886832

2765.80

0.887166

2772.92

0.887499

2780.04

0.887831

2787.15

0.888162

2794.27

0.888491

2801.39

0.888818

2808.50

0.889144

2815.61

0.889469

2822.73

0.889792

2829.84

0.890114

2836.95

0.890435

2844.06

0.890754

2851.17

0.891072

2858.28

0.891388

2865.39

0.891704

2872.50

0.892018

2879.61

0.892330

2886.71

0.892642

Table B.4: Tabular Form of f, vs. Re, (Continued)
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R,

Fu

R,

fu

R,

fu

2893.82

0.892952

2900.92

0.893260

2908.03

0.893568

2015.13

0.893874

2922.23

0.894179

2929.33

0.894483

2936.43

0.894785

2943.53

0.895086

2950.63

0.895386

2957.73

0.895685

2964.83

0.895983

2971.93

0.896279

2979.02

0.895374

2986.12

0.896868

2993.21

0.897161

3000.31

0.897453

3007.40

0.897744

3014.49

0.898033

3021.59

0.898321

3028.68

0.898608

3035.77

0.898894

3042.86

0.899179

3049.95

0.899463

3057.04

0.899746

3064.12

0.900027

3071.21

0.900308

3078.30

0.900587

3085.38

0.900865

3092.47

0.901143

3099.55

0.901419

3106.63

0.901694

3113.72

0.901968

3120.80

0.902241

3127.88

0.902513

3134.96

0.902784

3142.04

0.903054

3149.12

0.903323

3156.20

0.903591

3163.28

0.903858

3170.35

0.904124

3177.43

0.904388

3184.51

0.904652

3191.58

0.904915

3198.66

0.905177

3205.73

0.905438

3212.80

0.905698

3219.88

0.905957

3226.95

0.906216

3234.02

0.906473

3241.09

0.906729

3248.16

0.906984

3255.23

0.907239

3262.30

0.907492

3269.36

0.907745

3276.43

0.907997

3283.50

0.908247

3290.56

0.908497

3297.63

0.908746

3304.69

0.908994

3311.76

0.909241

3318.82

0.909488

3325.88

0.909733

3332.95

0.909978

3340.01

0.910222

3347.07

0.910464

3354.13

0.910706

3361.19

0.910948

3368.25

0.911188

3375.31

0.911427

3382.36

0.911666

3389.42

0.911904

3396.48

0.912141

3403.53

0.912377

3410.59

0.912612

3417.64

0.912847

3424.70

0.913081

3431.75

0.913314

3438.80

0.913546

3445.86

0.913777

3452.91

0.914008

3459.96

0.914238

3467.01

0.914467

3474.06

0.914695

3481.11

0.914923

3488.16

0.915149

3495.20

0.915375

3502.25

0.915600

3509.30

0.915825

3516.34

0.916049

3523.39

0.916272

3530.44

0.916494

3537.48

0.916715

3544.52

0.916936

3551.57

0.917156

3558.61

0.917376

3565.65

0.917594

3572.69

0.917812

3579.73

0.918029

3586.77

0.918246

3593.81

0.918462

3600.85

0.918677

3607.89

0.918891

3614.93

0.919105

3621.97

0.919318

3629.01

0.919530

3636.04

0.919742

3643.08

0.919953

3650.11

0.920163

3657.15

0.920373

3664.18

0.920582

3671.22

0.920790

3678.25

0.920998

3685.28

0.921205

3692.31

0.921411

3699.34

0.921617

3706.38

0.921822

3713.41

0.922026

3720.44

0.922230

3727.46

0.922433

3734.49

0.922636

Table B.5: Tabular Form of f, vs. Re; (Continued)
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R,

f[l

R,

fu

R,

fu

3741.52

0.922838

3748.55

0.923039

3755.58

0.923239

3762.60

0.923440

3769.63

0.923639

3776.65

0.923838

3783.68

0.924036

3790.70

0.924234

3797.73

0.924430

3804.75

0.924627

3811.77

0.924823

3818.80

0.925018

3825.82

0.925212

3832.84

0.925406

3839.86

0.925600

3846.88

0.925793

3853.90

0.925985

3860.92

0.926177

3867.94

0.926368

3874.96

0.926558

3881.97

0.926748

3888.99

0.926938

3896.01

0.927127

3903.02

0.927315

3910.04

0.927503

3917.05

0.927690

3924.07

0.927877

3931.08

0.928063

3938.10

0.928248

3945.11

0.928433

3952.12

0.928618

3959.13

0.928802

3966.15

0.928985

3973.16

0.929168

3980.17

0.929351

3987.18

0.929532

3994.19

0.929714

4001.20

0.929894

4008.20

0.930075

4015.21

0.930254

4022.22

0.930434

4029.23

0.930612

4036.23

0.930791

4043.24

0.930968

4050.25

0.931146

4057.25

0.031322

4064.26

0.931499

4071.26

0.931674

4078.26

0.931849

4085.27

0.932024

4092.27

0.932198

4099.27

0.932372

4106.27

0.932545

4113.28

0.932718

4120.28

0.932891

4127.28

0.933062

4134.28

0.933234

4141.28

0.933405

4148.27

0.933575

4155.27

0.933745

4162.27

0.933914

4169.27

0.934084

4176.27

0.934252

4183.26

0.934420

4190.26

0.934588

4197.25

0.934755

4204.25

0.934922

4211.24

0.935088

4218.24

0.935254

4225.23

0.935419

4232.23

0.935584

4239.22

0.935749

4246.21

0.935913

4253.20

0.936076

4260.20

0.936239

4267.19

0.936402

4274.18

0.936564

4281.17

0.936726

4288.16

0.936888

4295.15

0.937049

4302.14

0.937209

4309.12

0.937369

4316.11

0.937529

4323.10

0.937688

4330.09

0.937847

4337.07

0.938006

4344.06

0.938164

4351.05

0.938322

4358.03

0.938479

4365.02

0.938636

4372.00

0.938792

4378.99

0.938948

4385.97

0.939104

4392.95

0.939259

4399.94

0.939414

4406.92

0.939568

4413.90

0.939722

4420.88

0.939876

4427.86

0.940029

4434.84

0.940182

4441.82

0.940334

4448.80

0.940486

4455.78

0.940638

4462.76

0.940789

4469.74

0.940940

4476.72

0.941091

4483.70

0.941241

4490.67

0.941391

4497.65

0.941540

4504.63

0.941689

4511.60

0.941838

4518.58

0.941986

4525.55

0.942134

4532.53

0.942281

4539.50

0.942428

4546.48

0.942575

4553.45

0.942722

4560.42

0.942868

4567.40

0.943013

4574.37

0.943159
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4581.34

0.943304

4588.31

0.943448

4595.28

0.943593

4602.25

0.943736

4609.22

0.943880

4616.19

0.944023

4623.16

0.944166

4630.13

0.944309

4637.10

0.944451

4644.07

0.944593

4651.04

0.944734

4658.00

0.944875

4664.97

0.945016

4671.94

0.945156

4678.90

0.945296

4685.87

0.945436

4692.84

0.945576

4699.80

0.945715

4706.77

0.945854

4713.73

0.945992

4720.69

0.946130

4727.66

0.946268

4734.62

0.946405

4741.58

0.946542

4748.55

0.946679

4755.51

0.946816

4762.47

0.946952

4769.43

0.947088

4776.39

0.947223

4783.35

0.947358

4790.31

0.947493

4797.27

0.947628

4804.23

0.947762

4811.19

0.947896

4818.15

0.948030

4825.11

0.948163

4832.06

0.948296

4839.02

0.948429

4845.98

0.948561

4852.94

0.948693

4859.89

0.948825

4866.85

0.948956

4873.80

0.949087

4880.76

0.949218

4887.71

0.949349

4894.67

0.949479

4901.62

0.949609

4908.58

0.949739

4915.53

0.949868

4922.48

0.949997

4929.44

0.950126

4936.39

0.950254

4943.34

0.950383

4950.29

0.950511

4957.24

0.950638

4964.19

0.950766

4971.14

0.950893

4978.09

0.951019

4985.04

0.951146

4991.99

0.951272

4998.94

0.951398

5005.89

0.951524

5012.84

0.951649

5019.79

0.951774

5026.73

0.951899

5033.68

0.952023

5040.63

0.952147

5047.58

0.952271

5054.52

0.952395

5061.47

0.952518

5068.41

0.952642

5075.36

0.952764

5082.30

0.952887

5089.25

0.953009

5096.19

0.953131

5103.14

0.953253

5110.08

0.953375

5117.02

0.953496

5123.96

0.953617

5130.91

0.953738

5137.85

0.953858

5144.79

0.953978

5151.73

0.954098

5158.67

0.954218

5165.61

0.954337

5172.55

0.954456

5179.49

0.954575

5186.43

0.954694

5193.37

0.954812

5200.31

0.954931

5207.25

0.955048

5214.19

0.955166

5221.13

0.955283

5228.07

0.955401

5235.00

0.955517

5241.94

0.955634

5248.88

0.955750

5255.81

0.955867

5262.75

0.955982

5269.68

0.956098

5276.62

0.956214

5283.56

0.956329

5290.49

0.956444

5297.42

0.956558

5304.36

0.956673

5311.29

0.956787

5318.23

0.956901

5325.16

0.957015

5332.09

0.957128

5339.02

0.957241

5345.96

0.957354

5352.89

0.957467

5359.82

0.957580

5366.75

0.957692

5373.68

0.957804

5380.61

0.957916

5387.54

0.958027

5394 .47

0.958139

5401.40

0.958250

5408.33

0.958361
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5415.26

0.958471

5422.19

0.958582

5429.12

0.958692

5436.05

0.958802

5442.97

0.958912

5449.90

0.959021

5456.83

0.959131

5463.75

0.959240

5470.68

0.959349

5477.61

0.959457

5484.53

0.959566

5491.46

0.959674

5498.38

0.959782

5505.31

0.959890

5512.23

0.959997

5519.16

0.960105

5526.08

0.960212

5533.01

0.960319

5539.93

0.960425

5546.85

0.960532

5553.78

0.960638

5560.70

0.960744

5567.62

0.960850

5574.54

0.960956

5581.46

0.961061

5588.39

0.961166

5595.31

0.961271

5602.23

0.961376

5609.15

0.961481

5616.07

0.961585

5622.99

0.961689

5629.91

0.961793

5636.83

0.961897

5643.75

0.962000

5650.66

0.962104

5657.58

0.962207

5664.50

0.962310

5671.42

0.962412

5678.34

0.962515

5685.25

0.962617

5692.17

0.962719

5699.09

0.962821

5706.00

0.962923

5712.92

0.963025

5719.84

0.963126

5726.75

0.963227

5733.67

0.963328

5740.58

0.963429

5747.50

0.963529

5754.41

0.963630

5761.33

0.963730

5768.24

0.963830

5775.15

0.963930

5782.07

0.964029

5788.98

0.964129

5795.89

0.964228

5802.81

0.964327

5809.72

0.964426

5816.63

0.964524

5823.54

0.964623

5830.45

0.964721

5837.36

0.964819

5844.28

0.964917

5851.19

0.965015

5858.10

0.965112

5865.01

0.965209

5871.92

0.965307

5878.83

0.965404

5885.74

0.965500

5892.64

0.965597

5899.55

0.965693

5906.46

0.965790

5913.37

0.965886

5920.28

0.965981

5927.19

0.966077

5934.09

0.966173

5941.00

0.966268

5947.91

0.966363

5954.81

0.966458

5961.72

0.966553

5968.63

0.966647

5975.53

0.966742

5982.44

0.966836

5989.34

0.966930

5996.25

0.967024

6003.15

0.967118

6010.06

0.967211

6016.96

0.967305

6023.87

0.967398

6030.77

0.967491

6037.67

0.967584

6044.58

0.967677

6051.48

0.967769

6058.38

0.967861

6065.28

0.967954

6072.19

0.968046

6079.09

0.968137

6085.99

0.968229

6092.89

0.968321

6099.79

0.968412

6106.69

0.968503

6113.60

0.968594

6120.50

0.968685

6127.40

0.968776

6134.30

0.968866

6141.20

0.968957

6148.10

0.969047

6155.00

0.969137

6161.89

0.969227

6168.79

0.969316

6175.69

0.969406

6182.59

0.969495

6189.49

0.969584

6196.39

0.969673

6203.28

0.969762

6210.18

0.969851

6217.08

0.969940

6223.98

0.970028

6230.87

0.970116

6237.77

0.970204
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6244.67

0.970292

6251.56

0.970380

6258.46

0.970468

6265.35

0.970555

6272.25

0.970642

6279.14

0.970729

6286.04

0.970816

6292.93

0.970903

6299.83

0.970990

6306.72

0.971076

6313.61

0.971163

6320.51

0.971249

6327.40

0.971335

6334.29

0.971421

6341.19

0.971507

6348.08

0.971592

6354.97

0.971678

6361.87

0.971763

6368.76

0.971848

6375.65

0.971933

6382.54

0.972018

6389.43

0.972103

6396.32

0.972187

6403.21

0.972272

6410.11

0.972356

6417.00

0.972440

6423.89

0.972524

6430.78

0.972608

6437.67

0.972692

6444.56

0.972775

6451.45

0.972859

6458.33

0.972942

6465.22

0.973025

6472.11

0.973108

6479.00

0.973191

6485.89

0.973273

6492.78

0.973356

6499.67

0.973438

6506.55

0.973520

6513.44

0.973602

6520.33

0.973684

6527.22

0.973766

6534.10

0.973848

6540.99

0.973929

6547.88

0.974011

6554.76

0.974092

6561.65

0.974173

6568.53

0.974254

6575.42

0.974335

6582.30

0.974416

6589.19

0.974496

6596.07

0.974577

6602.96

0.974657

6609.84

0.974737

6616.73

0.974817

6623.61

0.971897

6630.50

0.974977

6637.38

0.975056

6644.26

0.975136

6651.15

0.975215

6658.03

0.975294

6664.91

0.975373

6671.80

0.975452

6678.68

0.975531

6685.56

0.975610

6692.44

0.975688

6699.33

0.975766

6706.21

0.975845

6713.00

0.975923

6719.97

0.976001

6726.85

0.976079

6733.73

0.976156

6740.61

0.976234

6747.49

0.976311

6754.37

0.976389

6761.26

0.976466

6768.14

0.976543

6775.02

0.976620

6781.89

0.976697

6788.77

0.976773

6795.65

0.976850

6802.53

0.976926

6809.41

0.977003

6816.29

0.977079

6823.17

0.977155

6830.05

0.977231

6836.93

0.977307

6843.80

0.977382

6850.68

0.977458

6857.56

0.977533

6864.44

0.977609

6871.31

0.977684

6878.19

0.977759

6885.07

0.977834

6891.94

0.977909

6898.82

0.977983

6905.70

0.978058

6912.57

0.978132

6919.45

0.978207

6926.33

0.978281

6933.20

0.978355

6940.08

0.978429

6946.95

0.978502

6953.83

0.978576

6960.70

0.978650

6967.58

0.978723

6974.45

0.978797

6981.33

0.978870

6988.20

0.978943

6995.08

0.979016

7001.95

0.979089

7008.82

0.979161

7015.70

0.979234

7022.57

0.979306

7029.44

0.979379

7036.32

0.979451

7043.19

0.979523

7050.06

0.979595

7056.93

0.979667

7063.81

0.979739

7070.68

0.979811

7077.55

0.979882

7084.42

0.979954
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7091.30

0.980025

7098.17

0.980096

7105.04

0.980167

7111.91

0.980238

7118.78

0.980309

7125.65

0.980380

7132.52

0.980450

7139.39

0.980521

7146.26

0.980591

71563.13

0.980662

7160.00

0.980732

7166.87

0.980802

7173.74

0.980872

7180.61

0.980942

7187.48

0.981011

7194.35

0.981081

7201.22

0.981151

7208.09

0.981220

7214.96

0.981289

7221.83

0.981358

7228.70

0.981427

7235.57

0.981496

7242.43

0.981565

7249.30

0.981634

7256.17

0.981703

7263.04

0.981771

7269.91

0.981840

T7276.77

0.981908

7283.64

0.981976

7290.51

0.982044

7297.38

0.982112

7304.24

0.982180

7311.11

0.982248

7317.98

0.982315

7324.84

0.982383

7331.71

0.982450

7338.58

0.982518

7345.44

0.982585

7352.31

0.982652

7359.17

0.982719

7366.04

0.982786

7372.91

0.982853

7379.77

0.982919

7386.64

0.982986

7393.50

0.983052

7400.37

0.983119

7407.23

0.983185

7414.10

0.983251

7420.96

0.983317

7427.83

0.983383

7434.69

0.983449

7441.55

0.983515

7448.42

0.983580

7455.28

0.983646

7462.15

0.983711

7469.01

0.983776

7475.87

0.983842

7482.74

0.983907

7489.60

0.983972

7496.46

0.984037

7503.33

0.984102

7510.19

0.984166

7517.05

0.984231

7523.91

0.984295

7530.78

0.984360

7537.64

0.984424

7544.50

0.984488

7551.36

0.984552

7558.23

0.984616

7565.09

0.984680

7571.95

0.984744

7578.81

0.984808

7585.67

0.984871

7592.53

0.984935

7599.40

0.984998

7606.26

0.985062

7613.12

0.985125

7619.98

0.985188

7626.84

0.985251

7633.70

0.985314

7640.56

0.985377

7647.42

0.985439

7654.28

0.985502

7661.14

0.985565

7668.00

0.985627

7674.86

0.985689

7681.72

0.985752

7688.58

0.985814

7695.44

0.985876

7702.30

0.985938

7709.16

0.986000

7716.02

0.986061

7722.88

0.986123

7729.74

0.986185

7736.60

0.986246

7743.46

0.986307

7750.32

0.986369

7757.17

0.986430

7764.03

0.986491

7770.89

0.986552

T777.75

0.986613

7784.61

0.986674

7791.47

0.986734

7798.32

0.986795

7805.18

0.986855

7812.04

0.986916

7818.90

0.986976

7825.76

0.987036

7832.61

0.987097

7839.47

0.987157

7846.33

0.987217

7853.19

0.987277

7860.04

0.987336

7866.90

0.987396

7873.76

0.987456

7880.61

0.987515

7887.47

0.987575

7894.33

0.987634

7901.18

0.987693

7908.04

0.987752

7914.90

0.987811

7921.75

0.987870

7928.61

0.987929
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7935.47

0.987988

7942.32

0.088047

7949.18

0.988105

7956.03

0.988164

7962.89

0.988222

7969.74

0.988280

7976.60

0.988339

7983.46

0.988397

7990.31

0.988455

7997.17

0.988513

8004.02

0.988571

8010.88

0.988629

8017.73

0.988686

8024.59

0.988744

8031.44

-0.988801

8038.30

0.988859

8045.15

0.988916

8052.01

0.988974

8058.86

0.989031

8065.71

0.989088

8072.57

0.989145

8079.42

0.989202

8086.28

0.989259

8093.13

0.989315

8099.99

0.989372

8106.84

0.989429

8113.69

0.989485

8120.55

0.989541

8127.40

0.989598

8134.26

0.989654

8141.11

0.989710

8147.96

0.989766

8154.82

0.989822

8161.67

0.989878

8168.52

0.989934

8175.38

0.989990

8182.23

0.990045

8189.08

0.990101

8195.94

0.990156

8202.79

0.990212

8209.64

0.990267

8216.49

0.990322

8223.35

0.990377

8230.20

0.990432

8237.05

0.990487

8243.90

0.990542

8250.76

0.990597

8257.61

0.990652

8264.46

0.990706

8271.31

0.990761

8278.17

0.990815

8285.02

0.990870

8291.87

0.990924

8298.72

0.990978

8305.58

0.991032

8312.43

0.991086

8319.28

0.991140

8326.13

0.991194

8332.98

0.991248

8339.83

0.991302

8346.69

0.991355

8353.54

0.991409

8360.39

0.991462

8367.24

0.991516

8374.09

0.991569

8380.94

0.991622

8387.79

0.991676

8394.65

0.991729

8401.50

0.991782

8408.35

0.991835

8415.20

0.991887

8422.05

0.991940

8428.90

0.991993

8435.75

0.992045

8442.60

0.992098

8449.45

0.992150

8456.30

0.992203

8463.16

0.992255

8470.01

0.992307

8476.86

0.992359

8483.71

0.992411

8490.56

0.992463

8497.41

0.992515

8504.26

0.992567

8511.11

0.992619

8517.96

0.992670

8524.81

0.992722

8531.66

0.992774

8538.51

0.992825

8545.36

0.992876

8552.21

0.992928

8559.06

0.992979

8565.91

0.993030

8572.76

0.993081

8579.61

0.993132

8586.46

0.993183

8593.31

0.993234

8600.16

0.993284

8607.01

0.993335

8613.86

0.993385

8620.71

0.993436

8627.56

0.993486

8634.41

0.993537

8641.26

0.993587

8648.11

0.993637

8654.96

0.993687

8661.81

0.993737

8668.66

0.993787

8675.51

0.993837

8682.36

0.993887

8689.21

0.993937

8696.06

0.993986

8702.91

0.994036

8709.76

0.994085

8716.61

0.994135

8723.46

0.994184

8730.31

0.994234

8737.15

0.994283

8744.00

0.994332

8750.85

0.994381

8757.70

0.994430

8764.55

0.994479

8771.40

0.994528

Table B.11: Tabular Form of f, vs. Re, (Continued)
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R,

fy

R,

Fu

R,

fu

8778.25

0.994576

8785.10

0.994625

8791.95

0.994674

8798.80

0.994722

8805.65

0.994771

8812.50

0.994819

8819.35

0.994867

8826.19

0.994916

8833.04

0.994964

8839.89

0.995012

8846.74

0.995060

8853.59

0.995108

8860.44

0.995156

8867.29

0.995204

8874.14

0.995251

8880.99

0.995299

8887.84

0.995347

8894.68

0.995394

8901.53

0.995442

8908.38

0.995489

8915.23

0.995536

8922.08

0.995584

8928.93

0.995631

8935.78

0.995678

8942.63

0.995725

8949.48

0.995772

8956.33

0.995819

8963.17

0.995865

8970.02

0.995912

8976.87

0.995959

8983.72

0.996005

8990.57

0.996052

8997.42

0.996098

9004.27

0.996145

9011.12

0.996191

9017.97

0.996237

9024.81

0.996283

9031.66

0.996330

9038.51

0.996376

9045.36

0.996422

9052.21

0.996467

9059.06

0.996513

9065.91

0.996559

9072.76

0.996605

9079.61

0.996650

9086.46

0.996696

9093.30

0.996741

9100.15

0.996787

9107.00

0.996832

9113.85

0.996877

9120.70

0.996922

9127.55

0.996968

9134.40

0.997013

9141.25

0.997058

9148.10

0.997103

9154.95

0.997147

9161.79

0.997192

9168.64

0.997237

9175.49

0.997282

9182.34

0.997326

9189.19

0.997371

9196.04

0.997415

9202.89

0.997459

9209.74

'0.997504

9216.59

0.997548

9223.44

0.997592

9230.29

0.997636

9237.14

0.997680

9243.99

0.997724

9250.83

0.997768

9257.68

0.997812

9264.53

0.997856

9271.38

0.997899

9278.23

0.997943

9285.08

0.997987

9291.93

0.998030

9298.78

0.998073

9305.63

0.998117

9312.48

0.998160

9319.33

0.998203

9326.18

0.998247

9333.03

0.998290

9339.88

0.998333

9346.73

0.998376

9353.58

0.998418

9360.43

0.998461

9367.28

0.998504

9374.13

0.998547

9380.98

0.998589

9387.83

0.998632

9394.68

0.998674

9401.53

0.998717

9408.38

0.998759

9415.23

0.998802

9422.08

0.998844

9428.93

0.998886

9435.78

0.998928

9442.63

0.998970

9449.48

0.999012

9456.33

0.999054

9463.18

0.999096

9470.03

0.999138

9476.88

0.999179

9483.73

0.999221

9490.58

0.999263

9497.43

0.999304

9504.28

0.999345

9511.13

0.999387

9517.98

0.999428

9524.83

0.999469

9531.68

0.999511

9538.54

0.999552

9545.39

0.999593

9552.24

0.999634

9559.09

0.999675

9565.94

0.999716

9572.79

0.999756

9579.64

0.999797

9586.49

0.999838

9593.34

0.999879

9600.20

0.999919

9613.90

1.000000

o0

1.000000

Table B.12: Tabular Form of f, vs. Re, (Continued)
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Appendix C

Eigenvectors
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The sets of left and right eigenvectors in the way they are used in the CRAFT code

(37] are presented here.

The eigenvalues are

(v = 1)K = h) +c(c - T)
(v = 1)(K = h) + c(c + U)

K—h
-V
4
~k0

—€

A = diag(U +C,U - C,U,U,U,U,U)

where U = LLu+ l,v + l,w, C = eI+ 2+ 12

The left eigenvectors are:

~u(y =D +ely —o(y—1)+cly —wy—-1)+c. -1

—v(y =1 —el, —wy~-1)—ecl, =1

—u(y —1) - cl;

—-u —-v

Pz Py

qz 9y

0 0

0 0

The right eigenvectors are:

= =00
uzcl < '%Llc _L%U_u Dz 4z
gk e L
e whe  _bmbe g
;ﬁf?cu hir;-cu c-—(-v—clz)(hHC) Vv W
BoE dmE g

3
cs

o O o o o

—w

P
q:

o O O o o o

1

0
0

o @

0

= — .}

(C.2)
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where ¢ is the speed of sound, K = Lﬁ&;ﬂ-, U= l;u+l;Jv+l;w, V= PzU+Pyv+p.w,

W = qu+ qyv + q;w, | is the unit cell normal and ? = (Pz,Py,p2:)T, ¢ = (g2, 9y 9:)T

are two arbitrary unit vectors perpendicular to each other and vector |.
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